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Abstract. This paper constructs a concrete kind of Kuranishi structure for 
the moduli stack of holomorphic curves in an exploded manifolds. This Ku- 
ranishi structure is embedded inside a moduli stack of C°°>— curves in order to 
avoid technicalities which arise when working with abstract Kuranishi struc- 
tures. The construction also works for the moduli stack of holomorphic curves 
in any compact symplectic manifold. 
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1. Introduction 

In this paper, we shall construct a concrete kind of Kuranishi structure on the 
moduli stack of holomorphic curves in exploded manifolds. Because the category 
of exploded manifolds extends the category of smooth manifolds, this construction 
includes a new construction of Kuranishi structures on the moduli stack of holomor- 
phic curves in compact symplectic manifolds. Definitions for exploded manifolds 
can be found in [14] , and compactness results for the moduli stack of holomorphic 
curves in exploded manifolds are found in [llj . 

Fukaya and Ono used Kuranishi structures in their definition of Gromov-Wittcn 
invariants in [3J. Our Kuranishi structures will differ from Fukaya and Ono's in 
that they are embedded into a moduli stack of C°°'- curves. C°°'- indicates a kind 
of regularity, which for all practical purposes, the unfamiliar reader may regard 
as meaning 'smooth'. The reader who is unfamiliar with stacks, but who likes to 
imagine a Frechet orbifold or polyfold structure on a space of maps may think of 
our Kuranishi structures as being embedded in such a space. 

Our embedded Kuranishi structures avoid some technicalities involved in using 
Kuranishi structures to define Gromov-Witten invariants, and are conceptually 
easier to deal with than the Kuranishi structures defined in [3J, which can be a 
little slippery. See the preprint PHI by McDuff and Werheim for some discussion 
of issues that must be overcome when using abstract Kuranishi structures, and see 
the recent preprint [2. of Fukaya, Oh, Ohta, and Ono for some improvements on 
Fukaya and Ono's original definitions and a much more detailed version of their 
construction of Gromov-Witten invariants. 

In Fukaya and Ono's original paper, [3:, they use a homotopy of the linearization 
Dd of the d operator to a complex map in order to orient their Kuranishi structures, 
and also to construct a stably almost complex structure. In [3], Fukaya and Ono 
sketched how, if their stably almost complex structure was globally defined, then 
they could define invariant integer counts of holomorphic curves. In the preprint [7], 
Dominic Joyce sketched a related construction of integer invariants using similar 
almost complex information with a modified version of Kuranishi structures. In the 
category of smooth manifolds, the construction of a stably almost complex structure 
must be treated with great care around singular curves. In the category of exploded 
manifolds, no curves are singular in this way, and the argument constructing a 
globally defined stably almost complex structure using a homotopy of Dd to a 
complex map is relatively straightforward. 

Very roughly, the idea of an embedded Kuranishi structure is as follows: The 
d equation may be regarded as giving a section of a sheaf y over a moduli stack, 
Ai st , of stable C°°'- curves. In an open neighborhood O around a holomorphic 
curve /, a nice subsheaf V C y may be chosen, which may be thought of as a finite 
dimensional vector bundle over O. If Dd is transverse to V at /, then in an open 
neighborhood U of /, the moduli stack of solutions h to dh € V may be represented 
by the quotient of some C°° : - family of curves / by a group G of automorphisms. 
Our embedded Kuranishi charts have the information (U,V, f /G). 

By putting further assumptions on V , we may construct embedded Kuranishi 
charts which have nice properties such as being compatible with chosen evaluation 
maps, or having an equivalent of Fukaya and Ono's stably almost complex structure. 

For two embedded Kuranishi (Ui, Vi, fi/Gi) charts to be compatible, we require 
that on the intersection of U\ with either V\ must be a subsheaf of V2 or V2 
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must be a subsheaf of V\ . There are obviously much weaker versions of compatibil- 
ity which would suffice for constructing Gromov-Witten invariants, but subject to 
compactness assumptions on the moduli stack of holomorphic curves, a covering by 
such compatible embedded Kuranishi charts always exists, and any two such em- 
bedded Kuranishi structures are homotopic, so it is not necessary to use a weaker 
version of compatibility. 

To construct objects on a Kuranishi structure such as the weighted branched 
perturbation of d used by Fukaya and Ono to define Gromov-Witten invariants, 
a procedure of transfinite induction can be used. The idea is to choose the per- 
turbation in order, starting with the Kuranishi charts (U, V,f/G) for which V has 
minimal dimension. In order to be able to define a perturbation on a Kuranishi 
chart which is compatible with all the previously chosen perturbations, we require 
all our Kuranishi charts to have compatible extensions, and define our perturbations 
on extensions in order to control the behavior of perturbations near the boundary 
of Kuranishi charts. 

The structure of this paper is as follows: In section [3J we go over some basics 
about the moduli stack A4°°'- of C°°'- curves in exploded manifolds, and an open 
substack Ai st of well behaved stable curves. Reading section [5] is essential for 
understanding what is proved in this paper. The meaning of maps from _A/f°°'- 
to exploded manifolds or orbifolds is spelled out in section 12.31 A very natural 
topology on is defined in section l2~4l and identified with the slightly strange 

seeming topology used on M°°'- in [TT]. The tangent space of M st is defined and 
demystified in section |2"31 then the linearization Dd of the d operator on A4 st is 
defined at holomorphic curves in section \2. 61 Embedded Kuranishi structures are 
defined in section l2~7l 

Section[3]contains a quick summary of the results of [13] which shall be necessary 
for this paper. Sections 14.11 and 14.21 construct some evaluation maps from M st . 
Section [5] defines an important notion of a core family, which gives a concrete local 
model for A4 st , which is then used continuously throughout the rest of the paper. 
Section I5T21 proves a technical lemma about the topology of Ai st which is essential 
for showing that Kuranishi charts may be shrunk in order to avoid degenerate 
behavior at their boundaries. Sectionals dedicated to locally analyzing the moduli 
stack of solutions to the weakened d equation, df G V. 

Section [7] constructs an embedded Kuranishi structure for the moduli stack of 
holomorphic curves in any family of exploded manifolds B — > Bo satisfying the 
compactness condition that the map to Bo from the moduli stack of holomorphic 
curves in any connected component of A4 st is proper. It is also proved that any two 
such Kuranishi structures are homotopic. Section [5] constructs a version of Fukaya 
and Ono's stably almost complex structure for our embedded Kuranishi structures. 

2. Structure of the moduli stack of stable curves 

In this section, we shall work towards describing what an embedded Kuranishi 
structure is by describing basic properties of the moduli stack .M 00 — of C°°'- curves, 
concentrating mostly on the well behaved open substack M st C of stable 

C°°'- curves. We shall use the notation M. C M. st for the moduli stack of stable 
holomorphic curves. 



2.1. The functors F and C. 
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This paper studies families of holomorphic curves in a smooth family of targets 
in the exploded category, 

7r Bo : (B, J, to) — > B 
where each fiber of 7Tb is a complete, basic exploded manifold with a d log- 
compatible complex structure J tamed by a symplectic form lj (using terminology 
from [2] and (TT]). We will often talk about C°°'- families of curves / in B — > Bo 
which will correspond to commutative diagrams 



C(/) 



-> B 



'F(/) 



F(/) 



-^B 



where /, and all other maps in the above diagram are C°°'- maps, and ^-p(f) ■ 

C(/) — > F(/) is a family of curves with a fiberwise complex structure j (as defined 
in [II]). 

We shall think of F and C as functors in the following way: As noted in section 
11 of 14 , families of C°°'- curves in B — > Bo form a category with morphisms 
/ — > g given by commutative diagrams 




C(/) ► C(g) B 



F(/) > F(g) 

so that restricted to each fiber of and 7Tf(<j): the map C(/) — > C(<?) is a 

holomorphic isomorphism. In this way, C and F can be regarded as functors from 
the category of C°°'- families of curves to the category of C 00 '- exploded manifolds. 

Use the notation A / ( 00, -(B) for the moduli stack of C°°'- curves in B, which 
is the category of C 00 '- families of curves together with the functor F. When no 
ambiguity is present, simply use the notation 



Throughout this paper, a substack U C ^^'-(B) shall always mean a full 
subcategory of (B) so that a family of curves / in M. ca '-(K) is in U if and 

only if each individual curve in / is in U. 

2.2. The sheaf y over the moduli stack of curves. 

We shall be considering holomorphic curves in A^°°'-(B) as the solution of an 
equation df = 0. In this section, we shall consider what should be the range of d 
on the moduli stack of C°° : - curves. This shall be a sheaf y over the moduli stack 
of curves. 



We shall often need to consider the vertical (co)tangent space of families or 
submersions. 

Definition 2.1. Given a submersion 

/: A^B 

use the notation TA!b orT vert A to indicate the vertical tangent bundle of A over 
B, which is the sub bundle ofTA consisting of the kernel of df . 

Use the notation T*A4_b or T* ert A to indicate the vertical cotangent bundle of 
A over B 7 which equal to the dual of TA^-b ■ 
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We shall use the notation T vert when no ambiguity shall arise, and when it is less 
cumbersome. For example, the notation T vert C(f) shall always mean TC(/)4 F ^, 

and given a family of targets, B — > B , the notation T vert ti shall always mean 
TB| Bo • 

Definition 2.2. Given a C 00 '- family of curves f in B, define 

dvertf • T ver fQj{ f^ 7* T ver t"B 

to be df restricted to the vertical tangent space, T vert C(f) C TC(f). 
Define 

df '■ T ver fC(f) > T ver t~B 

as 

df ~ 2 ( d vertf + J o d vert f O j) 

We shall consider df as a section of the vector bundle ( T* ert C(f) ® f*T vert 'B j 
over C(/), and also as a section of a corresponding sheaf over F(/). As the bundle 

/ . .\0,1 

( T* ert C(f) (g) /*r„ ert B J is cumbersome to write out in full, use the following 
notation: 

Definition 2.3. Use the notation 

, 0,1 



Y(f) : = (r: ert c{f) ® r^ ert B) 



w/iic/i is t/ie s«6 vector bundle of T* ert C(f) ®r /*r„ ert B consisting of vectors so 
that the action of J on the second factor is equal to —1 times i/ie action of j on the 
first factor. 

As well as the vector bundle, Y(f), we shall consider the sheaf 

y(f) 

which is a sheaf of C oc ''-(F(/)) -modules over F(/) consisting of C°°'- sections of 
Y(f) which vanish on all integral vectors within T vert C(f). 

Because df always vanishes on integral vectors in T vert C(f), df is a global 
section of y(f). 

Note that given any map 

/ — > 9 

there is a corresponding pullback diagram of vector bundles 

Y(f) > Y{g) 

C(/) > C(g) 

and a functorial map of sheaves 

y(f) <— y(9) 

We shall regard y as a sheaf over M°°'-. 
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2.3. Maps from the moduli stack of curves. 

As spelled out in section 11 of [14], we may consider any exploded manifold 
A as a stack S(A) over the category of C°°'- exploded manifolds with objects 
consisting of C°°'- maps of exploded manifolds into A. The correct notion of a 
map Ai 00 '- — > A is a map of stacks over the category of C 00 '- exploded manifolds 

$ : M 00 - 1 — > S(A) 

In particular, such a map associates to every family / of curves in a C 00 '- 

map 

F(/) -4 A 

so that given any map g — > f ', the following diagram commutes 



> A 



Similarly, a continuous map from A^°°'- to a topological space X is for every family 
/ of curves, a continuous map 

F(/) — > X 

so that given any map g — > f , the following diagram commutes 



X 

Lemma |2"T51 on page [5] states that an open subset U of A4°°'- using the topology 
on M 00 '- defined in [TJ] corresponds to an open subset U (/) of F(/) for all families 
/ in AA°°'- so that every map g — > f pulls back U(f) to U(g). This implies that 
the above definition of a continuous map is equivalent to a continuous map from 
the topological space M 00 '- to X when M°°'- is given the structure of a topological 
space defined in [T4"] . 

We also want to consider maps of A^°°'- to finite dimensional exploded orbifolds. 
We shall always think of such orbifolds as Deligne-Mumford stacks in the category 
of exploded manifolds. Such stacks are locally equivalent to the following example: 

If a finite group G acts on A, then S(A/G) is a stack with objects consisting of 
G-equi variant C°°'- maps of G-bundles into A and the correct notion of a map of 
M.°°'- into A/G is a map Ai 00 '- — > S(A/G). In particular, such a map associates 
to every family / of curves in M 00 - a G-bundle 

/' — ► / 

and a G-equivariant, C°°'- map 

F(/') — ► A 

and associates to any map of curves g — > f, a G-equivariant map g' — > f so that 
the following G-equivariant diagram commutes 



F(g>) > F(/') 

F(g) > F(/) 
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and so that given a composition h — > g — > f, the G-equivariant diagram 




commutes. 

Remark 2.4. As explained in [9] and [6], a good way of thinking of smooth orb- 
ifolds is as Deligne-Mumford stacks over the category of smooth manifolds. The 
reader who finds the definitions of stacks scary, should just think of this as defin- 
ing orbifolds by saying what maps of manifolds into them are. (For example, in 
the case of Deligne-Mumford space, a map of a manifold M into Deligne-Mumford 
space is a family of stable curves over M , so it is completely natural to think of 
Deligne-Mumford space as a stack in this way.) 

In our case, we shall define (smooth or C°°'-) exploded orbifolds as stacks over 
the category of (smooth or C°°'-) exploded manifolds which are Deligne-Mumford 
stacks in the sense that they are locally equivalent to S(A/G) for some exploded 
manifold A with an action of the finite group G. 

In section I4TT1 we show that Ai(pt) is an exploded orbifold equal to the explosion 
of Deligne-Mumford space, and construct a map M. st — > M(pt). 

The maps from A4 st we have defined so far all involve maps from F(/) for each 
individual family /. We shall also need a notion of a map from M st which involves 
maps from C(/) for each individual family /. 

Given any stack of curves IA C Ai 00 '-, we shall use the notation IA +1 — > IA for 
the universal curve over IA, where IA +1 should be regarded as the stack of curves 
obtained from curves in IA by adding an extra puncture. (See section 14.21 for the 
construction of the lift f +1 of a family of curves in IA to a family in IA +1 with an 
extra marked point.) 

Definition 2.5. LetlA be a substack of M X, -(JS), and let A — > X be a family of 
almost complex exploded manifolds with a choice of a finite group G of automor- 
phisms. Define a fiberwise holomorphic map with effective G action 

U +1 — ■» A/G 

I I 
U — ► X/G 

to be for every f in IA a choice of G-fold cover f of f and a G-equivariant family 
of holomorphic curves 

C(f) — > A 
F(f') — ► X 

so that for any map g — > f, the following are G-equivariant pullback diagrams: 

g' — > r 
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F(g') > F(/') > X 

and so that the action of G is effective in the sense that the map C(/') — > A is 
never preserved by the action of a nontrivial element of G acting on A. 

Remark 2.6. Without the assumption of an effective G action, we would need to 
be more careful about specifying that g' — > f is determined in a functorial way. 
With the assumption of an effective G action, there is only one map g' — > f so 
that the required diagrams commute. 

Section 14.11 constructs a fiberwise holomorphic map 



_M°°<±(B) 



-> M[pt) 



+i 



-> M(pt) 



This map may be insufficient for our purposes because it collapses bubbles in 
the domain of curves. In section [5J we shall construct 'core families' / with a 
group of automorphisms G so that there is a neighborhood U of / with a fiberwise 
holomorphic map 

U+ 1 > C(/)/G 



U 



-> F(/)/G 



so that for any curve / in U, the corresponding map \G\ maps C(f) 
holomorphic isomorphisms onto curves in C(/). 



C(/) are 



2.4. Topology of the moduli stack of curves. 

A family of curves / comes with a naturally defined topology on F(/). The 
topology on A4°°-- was described in [14] in terms of convergence of a sequence of 
curves. In this section, we show that open substacks U of _M°°'- correspond to 
substacks which intersect any family of curves in an open subset. 

Lemma 2.7. Given any sequence of curves in A4°°'- converging to f in C°°'-, 
there exists a family f of curves containing f and a subsequence fi of the given 
sequence of curves so that within F(f), fi converges to f . 

Proof: 

The definition of the C 00 '- topology on 7VI 00 — from sections 7 and 11 of [Tl] 
implies that there exists 

• a family of curves g containing /, 

• a sequence of curves f[ in g converging to /, 

• a sequence of fiberwise almost complex structures on C(g) converging in 
C°°'i to the given almost complex structure on CQ7), 

• and a sequence of sections i/ji of g*T vert B converging in C°°'- to 

so that there is an identification of C(/i) with C(f^) with the almost complex 
structure f, and so that the map fi is f[ followed by exponentiation of ipi in some 
metric. 
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Let /o be g x R. The section ipi being small in C°°'- implies that there exists 
a section ipi of /oT„ er tB C g x R which is equal to ip at g x {i -1 }, supported 
within the region g x ((i + (i — and small in C 00 ^. As noted in [11] 

and [13], convergence in C°°'- for fiberwise complex structures on C(/o) or sections 
of /QT! uert B is equivalent to convergence in some countable sequence of norms. By 
passing to a subsequence, we may assume that this ip'i has size less than 2~ 4 in the 
first i norms. Then J^. ip'. is a C 00 '- section of /oTuertB, which restricts to be ipi 
on g x {i^ 1 } and which is zero on g x {0}. Define the map / to be jo followed by 
exponentiation of ip[. 

Similarly, by passing to a subsequence we may construct a C°°'-, fiberwise com- 
plex structure j on C(/) which restricts to C(g) x {z -1 } to be ji, and which is the 
original fiberwise complex structure on C(g) x {0}. 

Now there is a sequence of inclusions /j — > f converging to / — > /, as required. 

□ 

Lemma 2.8. A substack U of J\A°°~ is open if and only if for all families f in 
A4°°'-, the subset ofF(f) consisting of curves in U is open. 

Proof: 

Suppose that U is a substack of A4 00 -. Denote by U(f) the subset of F(/) 
consisting of curves in U. 

Suppose that U is open. Then convergence within / is at least as strong as 
convergence within A4°°'-, so U(f) C F(/) is open. 

Suppose that U(f) C F(/) is open for all families / in M°°'-. Then if /j 
is a sequence of curves converging to /, Lemma 12.71 implies that there exists a 
subsequence converging to / within some family /, so that subsequence is eventually 
contained in U(f), and therefore eventually contained in U. This implies that every 
sequence of curves converging to a curve in hi is eventually contained in U, so U is 
open. 

□ 

2.5. Tangent space of M 8t . 

In this section, we shall define the tangent space of the open substack M st C 
.M 00 '- of stable curves. We shall first discuss the tangent space to a single curve 
/ in a single target B, and then define the relative tangent space in the case of a 
family of targets B — > Bo and the (relative) tangent sheaf in the case of a family 
of curves. 

2.5.1. Stability. 

Definition 2.9. Call a C°°'- curve f : C(/) — > B stable if it has only a finite 
number of automorphisms and its smooth part [/] has only a finite number of 
automorphisms. 

Let Ai st be the substack of consisting of families of stable curves. 

Remark 2.10. Note that the condition that f has a finite number of automor- 
phisms is only necessary if C(f) — T, as otherwise every nontrivial automorphism 
of f is also a nontrivial automorphism of [/] . There are a number of possible 
candidates for a definition of a stable curve f. A weaker definition which agrees 
with the above on holomorphic curves is to require that f has only a finite number 
of automorphisms and that f is not a nontrivial refinement of another curve. A 
much weaker definition is to just require that f has a finite number of automor- 
phisms. The stack of curves satisfying this much weaker definition of stability is 
not sufficiently well behaved. 
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For example, the stack of 'stable ' curves mapping to a point is an exploded orb- 
ifold using the two stronger definitions, but not the much weaker definition of 'sta- 
ble'. 



2.5.2. T f M st (B). 

Given a curve / : C — > B, the tangent space TfM st of M st at / shall be 
defined using a short exact sequence 

o — >• r(TC) — > r^crc <g> t*c) x r(/*TB) — > r f M st — > o 

In what follows, we shall discuss the terms above. 

Let r(/*TB) denote the space of C°°<± sections of f*TB. The action of J on 
sections of /*TB makes r(/*TB) into a complex vector space. T(/*TB) can be 
regarded as the infinitesimal variations of a map from a fixed domain C. 

Let rO'^TC <g) T*C) denote the space of C°°<± sections a of T*C <g> TC which 
vanish on edges of C and which have the property that 

j o a = —a o j 

The space r°' 1 (TC®T*C) may be regarded as the space of infinitesimal variations 
of almost complex structure on a fixed domain C . The action of j on the left makes 
L°' 1 (TC ® T*C) into a complex vector space. 

To obtain T f M st , we must quotient T(TC) x L^^TC ® T*C) by those infini- 
tesimal variations which come from reparametrising a given curve. 

Given a C 00 '- section v of TC, the change of j under the flow of the vector field 
v, L v j is in T°^(TC ® T*C). In fact, L v j may be regarded as 2j o 

Lemma 2.11. L v j may be regarded as 2jodv in the following sense: Let V be any 
holomorphic connection on TC, then 

Lvj = j ° Vw — Vv o j 

In particular, in local holomorphic coordinates 

L v j = 2j o dv 

Proof: 

If e is any holomorphic vectorfield, then j o Ve — (Ve) o j = 0, so j o Vhe — (V/ie) o 
j = j o 2(8h)e. Therefore, in holomorphic coordinates where v may be considered 
as a complex function, 

j o Vv — Vjf = jo 2<9t> 

Now we may calculate in holomorphic coordinates, where j = d y ® dx — d x ® dy. 
Write i; = + W2<V Then 

L^j = -(dyVid x + dyV 2 dy)) ®dx + d v ® (d x vidx + d y vidy) 
+ (d x vid x + d x v 2 d y ) ®dy - d x <Ei (d x v 2 dx + d y v 2 dy) 
= (d y vi + d x v 2 ) {-d x (gidx + d y (g> dy) 
+ {d x vi - d v v 2 ) (d v ®dx + d x ® dy) 
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On the other hand, 

j o 2dv = j o dv — dv o j 

= d x v\d y ® dx + dyVidy ® dy — d x v-id x % dx — d y V2d x ® dy 

+ d x v\d x ® dy — d y v\d x ® dx + d x vid y ® dy — d y V2d y <8> dx 
= L v j 

□ 

Lemma 12.111 implies that Lj v j = jo L v j, so the corresponding map 

r(TC) — > r°' 1 (TC<g)T*C) 
v h-> L v j 

is complex linear. The map 

h:T(TC) — > T°' l (TC®T*C) x T(f*TB) 
v h-> (L v j,df(v)) 

is therefore complex linear if and only if / is holomorphic. If / is in A4 st , then / 
has no infinitesimal automorphisms and h is injective. 

Define T f M st to be the quotient of T^^TC <g> T*C) x T(f*TB) by the image 
of h. 

o — ► r(TC) r^^rc ® t*c) x r(/*TB) — > T/X 5 * — ^ o 

If / is holomorphic, then TfA4 st is a complex vector space. Otherwise, TfM. st is a 
real vector space. 

2.5.3. T f M st {B) andT f M st (B)i Bo . 

In the case of a family of targets B — > Bo, define the relative tangent space 
TfM st (B)|b to be equal to T/A^ st (B) where B is the member of the family B 
which contains the image of /. There is a defining short exact sequence 

o \ r(rc) — > r°- 1 (rC(»T*c) x r(/*T Kert B) — ^ T f M st {B)i Bo ^ o 

We may define the tangent space TfA4 st (B) similarly to the case of a single 
target, except we shall use the notation rB (/*TB) to denote sections of f*TB 
which are constant when composed with the derivative of the map B — > Bq. 
We use rB (/*TB) instead of T(f*TB) because we are interested in infinitesimal 
variations of / as a curve which is contained in a fiber of B — > Bq instead of 
simply a map to B. 

0^>r(TC) -^•r°' 1 (TC(8)T*C) xr Bo (/*TB) — ^T/A^ st (B) ^0 



2.5.4. Derivatives. 

Given any family of curves / in M st containing / and any vector v in TfF(f), we 
may define an element of TfM st by differentiating / in the direction of v as follows: 
Lift v to a C°°-i section v' of TC(f) restricted to C(/) C C(/). The fiberwise 
almost complex structure j is a section of T* ert C(f)<£>T vert C(f). The Lie derivative 
of j with respect to any lifted vectorfield is again a section of T* ert C(f)®T vert C(f) , 
because the flow of lifted vectorfields respects the fibers of C(/) — > F(/). The flow 
of any vectorfield which vanishes on a fiber preserves that fiber, therefore L v ij is 
well defined, even though we have only defined v' as a section of TC(f) restricted 
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to C(/). Because v' is locally equal to a ^-preserving vectorfield plus a section 
of TC(f), Lemma H3U implies that L v ,j is a section of r°' 1 (T*C(/) ® TC(f)). 
Therefore, 

(L v ,j,df(v')) 

gives an element of r°' 1 (TC(/) ® T*C(/)) x r Bo (/*TB). As any other lift v" of u 
will differ from 1/ by a section of TC(f), (L v irj, df(v")) will differ from (L v /j, df(v')) 
by a vector in the image of h. Therefore, [L v ij, df(v')) gives a well defined element 
of T f M st . 

Therefore for any / G /, we have a well defined linear map 

TfF(f) — ► TfM st 
Obviously, this map restricts to a well defined linear map 

T/FC/Ubo— ►T / M' rt (BH Bll 

Lemmas 12.121 and 12.131 below imply that as a set, TfA4 st may be also regarded 
as the quotient of the space of families of curves parametrized by K containing / at 
by an equivalence relation generated by setting two such families to be equivalent 
if they are tangent at within a two dimensional family of curves. It follows that 
given any C°°'- map 

$ : M st — > A 
there is an induced linear derivative map 

T f $ : T f M st — > r 4(/) A 

Lemma 2.12. Given any curve f in Ai st (ti) and vector in TfA4 st (B), there exists 
a family of curves parametrized by K with that vector in its image. 

Proof: 

We must construct a family with a given derivative. To avoid any issues with 
the precise nature of almost complex structures at edges of a curve, we can reduce 
to the case that the variation in almost complex structure on the domain C is 
described by a section of r 0,1 (TC ® T*C) which vanishes in a neighborhood of all 
edges of C. 

Consider a neighborhood of a edge of the domain C of /. This may be identified 
with an open subset of Th « or TL ^ with its standard complex structure. A vector 
field v may them be written in standard coordinates as C°°'- functions times the 
real and imaginary parts of As noted in Lemma 12.111 in these coordiantes 

L v j is just 2j times the standard 8 operator. Therefore, Theorem 13.81 on page [231 
implies that given any section in L 0,1 (TC <g> T*C), there exists a C°°'- vectorfield 
v so that L v j is equal to the given section in a neighborhood of each edge. 

Given any section a in r 0,1 (TC <g> T*C) which vanishes in a neighborhood of 
edges of C, it is straightforward to construct a family of almost complex structures 
jt on C so that jt is the original almost complex structure when t = and near 
edges, and Jjjt = a at t — 0. It is also straightforward to construct a C°°— family 
of maps ft from C to B — > Bo so that Jj/j at t — is any given C°°'- section 
of /*rB which projects to be a constant map to TBo- It follows that given any 
vector in TfA4 st , there exists a family of curves parametrized by R with the given 
derivative. 

□ 

Lemma 2.13. Suppose that f\ and f% are two families parametrized by R which 
contain f and which have the same image in TfA4 st . Then there exists another 
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family fo containing f and two 2 -dimensional families gi with given maps fo — > 9, 
and fi — > gi so that the maps 

F(/ ) — > F(ft) 
F(/0 — > F(ft) 

are tangent at f . 

Proof: The reason that an extra family fo is needed and the heart of the technical 
problem that must be overcome by this proof is the following observation: Given 
a smooth section of an infinite dimensional vectorbundle over the real line, there 
may not exist a finite dimensional sub vectorbundle containing the given smooth 
section. 

Let t indicate the coordinate parametrizing F(/i), and suppose that / is the 
curve over 0. The following claim is a version of Hadamard's lemma: 

Claim 2.14. If a C°°'- section v of a vector bundle over C(/j) vanishes at t = 0, 
then v = tv' where v' is also a C°°'- section. If v vanishes on all edges of curves 
in C(fi), then v' does too. 

To prove Claim |2~141 choose a connection V on our vector bundle, and a lift v of 
^ to a C°°'i vectorfield on C(/ 4 ). The flow of v identifies C(/,) with C(/) x R and 
together with V allows us to trivialize the vectorbundle in the R direction. Then 
we may write 

v(z,t) = / (\7t v v)(z,ts)ds — t / (y v v)(z,ts)ds 
Jo Jo 

V v p is a C 00 '- section of our vectorbundle which vanishes on edges of curves in 

C(/j) if v does, therefore 

v'(z,t) := / (V v v)(z,ts)ds 
Jo 

is a C°°'- section of our vectorbundle which vanishes on edges of curves in C(/j) if 
v does. This completes the proof of Claim l2~T4l 

Claim mm implies that if a section of a vector bundle over C(/,) vanishes at 
t = to order n — 1, but has nonvanishing nth derivative, then it is equal to t n 
times a C°° : - section which does not vanish at 0. 

It suffices to prove this lemma for a neighborhood of / in fi, so we shall repeatedly 
assume fi is small enough as needed. 

If the domain of / is not stable, then we can choose some (not necessarily closed 
or connected) codimension 2 surface S in B so that / is transverse to S, and C(/) 
with the extra marked points in f~ x S is stable. Then a neighborhood of / in fa will 
remain transverse to S. For simplicity, we shall assume that fi remains everywhere 
transverse to S. 

As explained in section POl there is a unique C 00 '- map Sj : R — > Ai(pt) so that 
the pullback of the universal curve over M.(pt) is C(/j) with extra edges at each 
of the points in /~ 1 (S'). Moreover, it is proved in section I4TT1 that we may locally 
represent A4 (pt) as the quotient of a given family of stable curves by a finite group 
of automorphisms. These two maps Si : R — > Ai(pt) are tangent at 0. Chose 
another map sq : R — > M(pt) which is tangent to them at 0, but not equal to 
either of them to second order. Then Claim [2TT41 implies that there exist two smooth 
maps Si : R 2 — > M(pt) so that Si(t) is equal to Sj(i,0), and So(t) = §i(t,t 2 ). 

Define the domain C{(ji) of g~i to be the pullback of the universal curve by §i 
with extra edges (which corresponded to f^ 1 (S)) removed (this operation replaces 
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a neighborhood of an edge with its smooth part - replacing an open subset of T} 
with the corresponding open subset C = |~T{].) Around the image of / in M(pt), 
we may identify all the domains of curves in the the universal curve over M{pt), 
and make the identifications holomorphic in a neighborhood of edges. Therefore, 
restricted to a neighborhood of G R 2 , we can regard C(g~i), and hence C(/i) to be 
given by a family of almost complex structures on a fixed domain, and regard C{fi) 
to be identical, but have different almost complex structures for i = 0, 1,2. With 
these identifications, the fact that fi are tangent for i = 1, 2 implies that the maps 
/, are equal to first order restricted to C(/). We may therefore choose a map /o 
sending /; (£) to S which is equal fi to first order at C(/), but not equal to either 
of them to second order at C(/). Claim then implies that there exist families 
iji : C(gi) — > B so fi is the restriction of g"i to C(fi), and fo is the restriction of 
9i to C(/ ). 

□ 

Lemmas [2.121 and 12.131 allow us to differentiate any C°°'- map $ : M st — ► X 
to obtain a linear map 

T f $ : TfM st — > %X 
defined so that for all C 00 '- families of curves / containing /, the diagram 

T f M st T Mf) X 
TfF(f) 

commutes, where : F(/) — > X is the map induced by $. Lemma T2.12I implies 
that Tf$ is unique, and Lemma 12.131 implies that it is well defined. 

2.5.5. WL-nil vectors. 

Recall that the integral vectors of an exploded manifold are the vectors v so that 
z vz is always an integer for any exploded function z. Such vectors always act as 
zero derivations on smooth or C°°'- functions. 

Definition 2.15. A W-nil vector v on an exploded manifold is a vector which acts 
as a zero derivation on any C°°'-, ^-valued function. 

There is a canonical complex structure on the R-nil vectors at a point so that 
(Jv)(z) = i(vz). The R-nil vectors at a point are always the complex linear span of 
the integral vectors. Clearly derivatives always send R-nil vectors to R-nil vectors, 
and such derivative maps are always complex with respect to the canonical complex 
structure on R-nil vectors. 

The bundle of R-nil vectors on a strata of an exploded manifold have a canonical 
flat connection, which is the connection which preserves the canonical complex 
structure and the lattice of integral vectors — so a constant R-nil vector field may 
be written as some sum of complex numbers times integral vector fields. 

There is a similar notion of integral and R-nil vectors on TfA4 st and T/A / ( st -J,B - 

Definition 2.16. A vector v in TfM. st is R-tmZ or integral if there exists a family 
of curves f containing f and a R-nil or integral vector in T/F(/) with image v € 
T f M st . 
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As the canonical complex structure on R-nil vectors is compatible with all ex- 
ploded maps, it follows that there is a canonical complex structure on the R-nil 
vectors within TfM st . 

2.5.6. Tj.M st . 

For a family of curves /, it is not clear that the vector spaces TfM. st for all / 
in / fit together to form a vector bundle. On the other hand, there is a natural 
tangent sheaf, TjM st which should be regarded as giving first order deformations of 

/ parametrized by F(/). This tangent sheaf is defined by the short exact sequence 
(1) 

-+ r(T„ ert C(/)) T -\T vert C{f)®T; ert C(f)) x r Bo (/*TB) -+ T f -M st (B) -> 

and in the relative case by the short exact sequence 
(2) 

-> T(T vert C(f)) -> T '\T vert C(f)^ ert C{f))xT{f*T vert B) -»• T f -M st (B)l Bo ^ 

Again, r°' 1 (T t , ert C(/) ® T* ert C(f)) indicates C°°<± sections of (T vert C(f) ® 
T* ert C(f)) which vanish on edges of curves and which anti commute with j. These 
sections represent infinitesimal variations of complex structure on the domain. 
rBoC/TB) indicates C°°~ sections of f*TB which are the lift of some section 
over F(/) of the pullback of TB . 

The infinitesimal reparametrizations of C(/) which fix the parametrization of 
F(/) are represented by C°°'- sections of T vert C(f). The action of reparametriza- 
tion is again 

T(T vert C(f)) — ► T°^(T vert C(f) ® T* ert C{f)) x T(f*T vert B) 
v i v (L v j,df(v)) 

TjM st is a sheaf of C°°'-(F(/))-modules. Note that if / is a curve in /, we 
can restrict any section of T^M st to give a tangent vector in TfM st , and more 
generally, given any map g — > f, there is an induced map TjM. st — > TgAi st . 
The sheaf Tj-Ai st should be regarded the pullback of the tangent sheaf of Ai st . 
When the family / has bubbling or node formation behavior, it is not clear that 
TjM st represents sections of a vector bundle over F(/), however any subsheaf of 
TjAi st which is locally free and finitely generated over C°°'-(F) may be regarded 
as sections of a finite dimensional sub-vectorbundle of T^M st . 

Given any family h of curves containing / as an embedded sub family, there is 
a natural map to T^M st from C°°-- sections of the restriction of T¥(h) to F(/). 

In particular, given any such section v of TF(/i)| p ,^, we may choose a lift v of v 
to a section of the restriction of TC(h) to C(/). Then (Lyj,dh(v j) is contained in 
T°^(T vert C(f) ®T* ert C(/)) x r Bo (/*TB). The choice of lift of v is determined up 
to a choice of vertical vector field, so (Lyj, dh(v)) projects to a section of T^A4 at 
which is well defined independent of our choice of lift of v. 

The following lemma shows that all sections of T^M st may be constructed in 
this way. 

Lemma 2.17. Given any section v ofT^M st , there is a one dimensional family 
ft of families of curves parametrized by F(/) with derivative at t = equal to v. 



Proof: 
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As noted in Claim [2~.lll in holomorphic coordinates, L w j is 2j times the standard 
3 operator applied to w. Around any curve / in /, Theorem l3.8l on page [25] implies 
that we may construct a vertical vector field w so that L w j is equal to any given 
section of T ' 1 (T vert G(f) <g> T* ert C(f)) on a neighborhood in C(/) of all the edges 
of C(/). Piecing together such vectorfields for different / using a partition of unity 
from F(/) gives a globally defined section w of T vert C(f) so that L w j is equal to 
the given section oi T ' 1 (T vert C(f) ®T* ert C{f)) on a neighborhood of the edges of 
all the curves in C(f). 

We may therefore reduce to the case that our section v of TsA4 3t is equal to 

(6,r) where 9 is a section of T°' 1 (T vert G(f) <g> T* ert C(f)) which vanishes on a 
neighborhood of all edges of curves in C(/), and r is a C°°'- section of f*T vert B. 

Extend j to a family j t of almost complex structures on C(/) with derivative 
at equal to 8, and extend / to a family of maps f t with derivative at equal to 
r. The family of maps ft with domain (C(/), j t ) is the required deformation of / 
with derivative at equal to v. 

□ 

2.6. D3. 

In this section, we shall construct the linearization Dd of the 3 operator at 
holomorphic curves /. 

To define a linearization of the Dd operator at a non holomorphic curve /, a 
connection is required on the sheaf y over M st . It is not clear to me that such a 
connection always exists globally. 

Given a C°°— family of curves / in B, 3f may be regarded as a section of the 
vector bundle 

Y(f) ■■= (r; ert c(/) ® rT vert B) { °' 1} 

over C(/). This section 3f vanishes on all edges of curves in C(/). 

Suppose that / is a curve in / so that 3f = 0. Then we may differentiate 3f 
restricted to C(/) using any C°°'- section v 1 of TC(f) restricted to C(/) which 
projects to a single vector v in TjY(f). Because 3f vanishes on C(/), the result 
of this differentiation does not depend on the choice of lift v' of v. Because 3f 
vanishes on edges of C(/), the result of this differentiation vanishes on all edges of 
curves in C(/), so it is a section in y(f). We therefore obtain a linear map 

D3 : T f F — > y(f) 

Given any commutative diagram 



/ >f 




the following diagram commutes 

T f F(f) T f M st 




T f F(h) 
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Therefore, Lemmas 12.121 and 12 . 1 31 imply that the maps Dd must come from a linear 
map 

TfF — > T f M st ^ y(f) 
An elementary extension of the calculation of the linearized 8 operator in [T3] gives 
a formula for Dd in terms of T°> x (T vert C(f) <g> T* ert C(f)) x r Bn (/*TB). 

Recall that both y(f) and X/.M st 4,B C TfM. st are complex at holomorphic 
curves /. The restriction of Dd to TfA4 st 4,b is not usually C-linear unless J 
is integrable. We shall see that Dd has a finite dimensional kernel and cokernel 
throughout the linear homotopy of Dd to its complex linear part. This allows us 
to canonically orient the kernel of Dd relative to the cokernel. This homotopy is 
used in section [5] to construct orientations and a kind of almost complex structure 
on embedded Kuranishi structures. 

2.7. Embedded Kuranishi structures. 

If Dd is surjective at a holomorphic curve /, then we shall show that the moduli 
stack of holomorphic curves close to / is well behaved, and may be represented by 
the quotient of some C°°'- family of curves / by a group of automorphisms. If Dd 
is not surjective at /, we shall choose a nice subsheaf V of y in a neighborhood 
of / so that the moduli stack of curves with 8 in V is well behaved. Below is the 
definition of a subsheaf V of y. 

Definition 2.18. Let U be a substack of Ai st . A subsheaf V of y on hi is an 

assignment to each family f of curves in Li a subsheaf V(f) C y{f) so that given 
any map of families of curves f — s- g, the induced map y(g) — > y(f) restricts to 
give a map 

via) — > v(f) 

so that V(f) is equal to the sheaf of ' C°°'-(F(f)) -modules generated by the image of 

V(g). 

We shall want our subsheaves V of y to be pulled back from nice geometrically 
defined sheaves. For example, if / is embedded and has a stable domain, we may 
choose to pull back V from a sheaf defined over M g ^ n x B. The following defines 
what wc shall mean by pullback. 

Definition 2.19. Given a family A — > X of exploded manifolds with a fiberwise 
almost complex structure, define 

r w (r; rt A®r TOrt B) 

to be a sheaf of C°°'i(X) -modules on X with global sections consisting of anti- 
holomorphic, C°°'- sections of T* ert A(3T vert 'B over Ax B which vanish on integral 
vectors within T vert A. ; and with sections over 1/cX consisting of the same thing 
with A replaced by the inverse image of U in A. 

Given a family of curves f in B and a fiberwise holomorphic map 

C(/) A 
F(/) > X 

sections of T* ert A may be pulled back to sections of T* ert C(f) using ip*. As ip 
is fiberwise holomorphic, the pullback map, if)*, is complex. Any section which 
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vanishes on integral vectors of T vert A pulls back to a section which vanishes on 
integral vectors of T vert C(f). 

A section ofT vert Ti also pulls back to give a section o//*T uert B. This pullback 
map is also complex, therefore there is an induced complex map 

T°^(T: ert A ® T vert B) — ► y(f) := ^(T^CCf) ® /*T„ ert B) 

Sat/ £/iai the pullback of a section or subsheaf ofT 0,1 (T* ert A (E> T vert B) to y(f) is 
the image of the section or subsheaf under the above map. 

The following defines what we mean by a 'nice' subsheaf V of y. 

Definition 2.20. Say that a subsheaf V of y on U is simply generated if there 
exists a fiberwise holomorphic map 

U +1 > A/G 

U > X/G 

with an effective G action in the sense of Definition \2.5l and sections Vi , . . . , v n of 
T°^(T* ert A®T vert B) so that 

(f ) For any family of curves f in 1A, the pullback in the sense of Definition \2.19\ 
ofvi, . . . ,v n to y(f') are linearly independent and generate V(f') as a sheaf 
of C 00, -(F(f'))-modules. (Recall that as in Definition \2.5l f indicates the 
G-fold cover of f whose domain maps to A.) 

(2) The sheaf of C°°-(X.) modules owerX generated by v\, . . . ,v n is G-invariant. 

Theorem 16.61 on page E01 states that if V is a simply generated subsheaf of y so 
that for some holomorphic curve /, V(f) is transverse to Dd : Ty_M st (B)4.B — > 
y{f), then there exists an open neighborhood O of / and a C°°'- family of curves 
/ with automorphism group G so that f/G represents the substack of curves h in 
O with the property that dh g V(h). The substack of f/G corresponding to the 
holomorphic curves in f/G therefore represents the moduli stack of holomorphic 
curves in O. Therefore we may regard the moduli stack of holomorphic curves 
in O as represented by the quotient by G of the intersection of the section Bf of 
V(f) — > F(/) with the zero section. 

Definition 2.21. Say that a subsheaf V ofy is complex ifV(f) is a complex linear 
subspace ofy(f) for all curves f within the domain of definition ofV. 

Recall that if / is holomorphic, T/A / [ s *|b is a complex vector space, and there 
is a well defined linearization of the d operator 

Dd : TfM st in — ► y(f) 

constructed in section 12.61 This map Dd is not necessarily C-linear, however we 
shall show that there is a homotopy from it to its complex linear part, (1 — t)Dd + 
tDd c which is transverse to a finite dimensional C-linear subspace V of y(f) for 
all t e [0, 1], so 

Kt(f) := ((l-QDd + tDdPy 1 (V) 
is a family of vector spaces in TfM st \.& of some finite dimension. 

Definition 2.22. Say that a subsheaf V of y is strongly transverse to Dd at a 
holomorphic curve f if 

(1 - t)Dd + tD0 c : TyM^Bo— > y(f) 
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is transverse to V for all t £ [0, 1]. 

Definition 2.23. A Kuranishi chart (U, V, f/G) on M st is 

• an open substack 

U C M st 

• a simply generated complex subsheaf 

V 

of y defined on U so that V is strongly transverse to d at all holomorphic 
curves in U, 

• a C°°'- family of curves f in U with automorphism group G so that 

(1) f/G represents the substack of U consisting of families of curves h 
with dh a section ofV{h). 

(2) In the case ofA4 st (B), where B is a family of targets over the exploded 
manifold Bo, the map F(/) — > Bo is a submersion. 

F(/) with the vector bundle V(f), the section of this vector bundle given by 3 
and the action of G should be regarded as a concrete version of a Kuranishi chart 
defined by Fukaya and Ono in [3J. 

The condition that F(/) — > Bo is a submersion is included to ensure that any 
base change of our family of targets 

B' > B 

4- I 

B — > B 

pulls back Kuranishi charts on .M st (B) to Kuranishi charts on M st (Jti'). 

The condition of strong transversality to V and the complex structure on V 
is in the definition of a Kuranishi chart to ensure that the information of the 
stable almost complex structure defined by Fukaya and Ono in [3J is reflected in 
our Kuranishi chart. This information may be used to orient a Kuranishi chart, 
and may also used to define integer counts of holomorphic curves using Fukaya 
and Ono's method from @]. In [7], Joyce also outlines a method to use such 
structure structure to obtain integrality results for Gromov-Witten invariants. The 
kind of evaluation maps which are compatible with these integer invariants are the 
holomorphic submersions defined below: 

Definition 2.24. A submersion 

Bo > X 

is a commutative diagram of C°°'- maps so that T/$ : TfAi st — > Tij.^X is 
surjective for all f. 

Say that a submersion $ : A4. st — > X is holomorphic i/X — Xo has a fiberwise 
almost complex structure, and for each holomorphic curve f , the map 

T f $ : T f M st Ib ~^ T $(/) X! Xo 

is complex. 

Examples of such holomorphic submersions include the maps ev +n defined in 
section 14.21 and the usual evaluation map from Gromov-Witten theory which eval- 
uates curves at marked points. 
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Definition 2.25. Given a submersion 

$ : M st — > X 

where X is a finite dimensional exploded manifold or orbifold, say that a Kuranishi 
chart (U, V, f/G) on M st is Q-submersive if the induced map 

$ : F(/) — > X 

is a submersion, and if for all holomorphic curves f in f , Dd restricted to kerT/4> 
is strongly transverse to V(f) in the sense that 

((1 - t)Dd + tDd c )(T f M st ln nkcrT/*) 

is transverse to V(f) for all t in [0, 1]. 

Definition 2.26. Two Kuranishi charts (Wi, Vi, fi/G\), (U2, V2, /2/G2) are com- 
patible if restricted to U\ CiU2, either V\ is a subsheaf of V2 or V2 is a subsheaf of 
Vl 

Note that if restricted to U\ f~1 U2 , V\ is a subsheaf of V2 , then there is a unique 
C°°'i map 

/i|winw 2 — ^ /2/G2 

which may be regarded as a transition map between these two compatible Kuran- 
ishi charts. Note also that compatible coordinate charts pull back to compatible 
coordinate charts under base changes of B. 

Definition 2.27. A Kuranishi chart (U, V, f/G) is extendible if it has an extension, 
which is a Kuranishi chart (U\V^,P/G) so that 

• there exists a continuous map 

p:U^ (0, 1] 

so that 

W = p- 1 ((l/2,l]) 

— for any t > 0, all holomorphic curves in the closure o/p _1 ((<:, 1]) within 
M st are contained within 1]), 

— for any t > 0, the closure within M st of the subset of /" where p > t 
is contained within 

• V is the restriction of to U, and f is the restriction of ft to U. 

Note that extendible Kuranishi charts pull back to extendible Kuranishi charts. 
The condition of cxtcndability is designed to prevent pathological behavior from 
occurring at the boundary of Kuranishi charts. We shall have cause to repeatedly 
shrink the size of extensions during inductive constructions — restricting (W", V", ft/G) 
to p > t for any t E (0, 1/2) gives an extension of (U, V,f/G). 

As we shall have no reason to distinguish between V and V", we shall sometimes 
use the notation V to refer to VK 

Definition 2.28. A collection of extendible Kuranishi charts is locally finite if there 
exists an extension (W", V"", ft/G) of each Kuranishi chart (U, V, f/G) so that each 
holomorphic curve has a neighborhood which intersects only finitely many of the Lfi 
and each intersects only finitely many of the other . 

The collection is compatible if every pair of extended Kuranishi charts is com- 
patible. 

The collection is said to cover any substack of M st which is covered by {U}. 
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Definition 2.29. An embedded Kuranishi structure on M C M st is a countable, 
locally finite, compatible collection of extendible Kuranishi charts {(Ui,Vi, fi/Gi)} 
which covers M. C M st . 



In it is proved that in many cases, the moduli stack of stable holomorphic 
curves, M, has the following compactness property: The map M. — > Bo is proper 
when A4 C Ai st is restricted to any connected component of A4 st . If M satisfies 
this compactness property, then Theorem l7.2l on page ESI states that there exists an 
embedded Kuranishi structure on M., and that given any submersion <£> : M. st — > 
X, this embedded Kuranishi structure on M. may be chosen so that all Kuranishi 
charts are <I>-submersive. 

Note that given any base change of our family of targets, 



B' — > B 

I I 
B — > B 



the pullback of any embedded Kuranishi structure on A4(B) is an embedded Kuran- 
ishi structure on .M(B'). Corollary 17.41 on page [7T] proves that any two embedded 
Kuranishi structures on .M(B) are homotopic in the sense that there exists an 
embedded Kuranishi structure on M(B x R) which pulls back to give each of the 
original embedded Kuranishi structures under the inclusions of B over and 1 in 



Given an embedded Kuranishi structure {(Ui,Vi, fi/Gi)}, we shall construct in 
section [5] a canonical homotopy class of complex structure on T/F(/')4,b q for all 
holomorphic curves / in fi so that 

• All R-nil vectors at holomorphic curves are given the canonical complex 
structure 

• The action of Gi is complex in the sense that if an element of Gi sends / 
to /', the corresponding map TfF(ff)lB — > TfF(ff)lB is complex. 

• If / is a holomorphic curve in /' and /j and Vi(f) C Vj(f), then the 
following is a complex short exact sequence 

— > l>F(j*)4, Bo — > 2>F(/|) Vj/Viif) — > 

• There exists a complex structure on TF(/?)J,b defined on a neighborhood 
of the holomorphic curves with restricts to the given complex structure at 
holomorphic curves. 

We shall also show in section [S] that given a holomorphic submersion 



Bo > X 

we may construct this complex structure so that 

T/$ : T/F(/i)4 Bo — > T$(/)X4x 



is complex for all / in fi. 
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3. TRIVIALIZATIONS AND PRE-OBSTRUCTION MODELS 



This section summarizes the results of [T3] which will be necessary for this paper. 
The notion from [T3] of a trivialization (F, $) associated to a family of curves / 
allows us to identify sections of f*T vert TS with families of curves parametrized by 
C(/), and to identify d of such a family of curves with a section of y(j). 

Definition 3.1. Given a C°°'- family of curves f, a choice of trivialization (F,<&) 
is 

(1) a C°°>A map 

f*T vert 'B — - — > B 
F > B 

so that 

(a) F restricted to the zero section is equal to f , 

(b) TF restricted to the canonical inclusion of f*T vert B over the zero 
section is equal to the identity, 

(c) TF restricted to the vertical tangent space at any point of f*T vert tl is 
injective. 

(2) A C°°'- isomorphism from the bundle F*T ver fB to the vertical tangent 
bundle of f*T vert B which preserves J, and which restricted to the zero 
section of f*T vert B is the identity. 

In other words, if tt : f*T vert Ti — y C(/) denotes the vector bundle 
projection, a C°°'- isomorphism between F*T vert B and ir* f*T vert Ti which 
preserves the almost complex structure J on T„ ert B. This can be written 
as a C°°'- vector bundle map 

r J-vertO > J -L vert" 

f *T vert B 5— > C(/) 

which is the identity when the vector bundle F*T vert 'B — y /*T tJer4 B is 
restricted to the zero section of f*T vert H5. 
A trivialization allows us to define d of a section 

v : C(/) — ► f*T vert B 

as follows: F o v is a map C(/) — y B, so d(F o v) is a section of 

y(F o v ) = r ^ 1 (r: ert c(f) ® (f o v)*T vert B) 

Applying the map $ to the second component of this tensor product gives an iden- 
tification of y(F o v) with y(f), so we may consider d(F o v) to be a section of 
y(f)- Define dv to be this section ofy(f). 

For example, we may construct a trivialization by extending / to a map F 
satisfying the above conditions (for instance by choosing a smooth connection on 
T vert B and reparametrising the exponential map on a neighborhood of the zero 
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section in /*T llert B), and letting $ be given by parallel transport along a linear 
path to the zero section using a smooth J preserving connection on T„ ert B. 

Given a choice of trivialization for / and a C°°'- section v of /, there is an 
induced choice of trivialization for the family F(y), described in |13) . 

Definition 3.2. A C°°'- pre obstruction model (/, V, F, $, {sj}), is given by 

(1) a C°°'- family of curves f 

(2) a choice of trivialization (F, $) for f in the sense of definition \3.1\ 

(3) a finite collection {s{\ of extra marked points on C(/) corresponding to 
C°°'- sections 

8i : F(/) — > C(/) 

so that restricted to any curve C in C(f), these marked points are distinct 
and contained inside the smooth components of C. 

(4) a finite dimensional sub-vectorbundle V ofy(f). (In other words, a locally 
free, finitely generated subsheaf of y(f), which is a sheaf of C°°'-(F((/))- 
modules ) 

We shall usually use the notation (/, V) for a pre obstruction bundle. 

Definition 3.3. Given any family of curves, f , with a collection, {s^, of extra 
marked points on C(/) ; let X°°'-(f) indicate the space ofC°°'- sections of /*T„ ert B 
which vanish on the extra marked points {sj} on C(/). 

Note that both X°°'-(f) and y(f) are complex vector spaces because they consist 
of sections of complex vector bundles. 

We may restrict any pre obstruction bundle (/, V) to a single curve / in /. The 
restriction of V to this curve / is a finite dimensional linear subspace V(f) C y(f)- 

Let Dd{f) : X°°±(f) — > y(f) indicate the derivative of 8 at G X°°±(J). We 
are most interested in pre obstruction bundles (/, V) containing curves holomorphic 
curves / so that that D8(f) is injective and has image complementary to V(f). 

Note that if there are enough extra marked points that C(/) with these extra 
marked points is stable, X°°'-(f) is a linear subspace of T/A^ s '4,b C TfA4 st . If 
/ is also holomorphic, X°°'- is a C-linear subspace of TfM. st 4-b , and Dd{f) 
corresponds to the restriction of D8 : TfA4 st — > y(f) to this subspace. 

To describe the importance of pre-obstruction models, we shall need the notion 
of a simple perturbation below. 

Definition 3.4. Given a trivialization for f , a simple perturbation of d is a map 

8' : x°°±(j) — > y{f) 

so that 

8'v = 8(y) + 
where $ is a (usually nonlinear) C°°'- map 

f*T vert B ^ > Y(f) 




C(f) 

which is the zero section restricted to edges of curves in C(/). 
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Example 3.5 (Construction of a simple perturbation). 

Let 9 be a section of T ' 1 ^T* ert C(/) ® T ver tBj and suppose that / conies with 

a trivialization (F, <£>). A section v of /*T uert B defines a map 

(id,F^)):C(/)^C(/)xB 

Pulling back the section 9 over (id, F(y)) gives a section of y(F(v)), which we can 
identify as a section of y(f) using the map $ from our trivialization. Therefore, 
we get a modification d' of the usual d equation on sections /*T l)ert B given by the 
trivialization 

d'v :=dv-$((id.,F(v))*6) 
As F, 9 and $ are C°°>- maps, we may define a C°°'i map ip(v) := — $ ((id, F(v))*d), 
so 9' is a simple perturbation of 9. 

The following theorem is the main theorem of |13| . 

Theorem 3.6. Suppose that (/, V") is a C°°'- pre obstruction model containing the 
curve f , so that df G V(f), and 

D8(f) : x°°>Hf) — ► y(/) 

is injective and has image complementary to V(f). 

Then the restriction (/', V) o/ (/, V) io some open neighborhood of f satisfies 
the following: 

There exists a neighborhood U of d in the space of C°°'- perturbations of d and 
a neighborhood O of in X°°--(f') so that 

(1) Given any curve f in f , section v G O, and simple perturbation d' of d 
in U, 

Dd'{y{f')) : X°°±(v(f)) — y y(v(f')) 
is injective and has image complementary to V(f'). 

(2) For any d' G U , there exists some v G O and a section v ofVso that 

d'v = v 

The sections v and v are unique in the following sense: Given any curve g 
in f, let v{g) and 0(g) be the relevant restrictions of is and O to g. Then 
v(g) is the unique element of O(g) so that d'v(g) G V(g). 

The map U — > O which sends d' to the corresponding solution v is 
continuous in the C°°'- topologies on U and O. 

The same theorem also holds with any simple perturbation d' of d used in place 

of a 

We shall also need the following corollary of Theorem 13.61 

Corollary 3.7. Let (/, V) be a C°°'- pre- obstruction model containing f so that 
& f is tangent to V at f , and Dd'(f) is transverse to V . Then the unique section 
v of X°°'-(f) so that d'(v) is a section of V is tangent to at f. 

Proof: We may restrict (/, V) to a pre obstruction model (/', V) where /' is 
parametrized by M and / is the curve over 0. We may also restrict 8' to (/', V). 
The uniqueness part of Theorem 13.61 implies that v pulls back to the section v' so 
that d'v' is a section of V. It therefore suffices to prove that v' is tangent to the 
zero section at 0. 

Claim |2"7H1 implies that df is equal to a section of V plus t 2 9 where 9 is a section 
of y(f'), and t is the coordinate on R. Consider the family of curves /' x R. We 
may pull back our pre obstruction model, 8' and 9 to /' X R. Theorem 13.61 then 
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implies that in a neighborhood of (/, 0), there is a unique C°°'- solution t/j to the 
equation 

(d'lp - x6) e V 

where x is the coordinate on the extra R factor of /' x R. The uniqueness part of 
Theorem 13.61 implies that 

4>(t,t 2 ) = o 

and 

</<(*, 0) = */(*) 

therefore v' is tangent to the zero section at t = 0, as required. 

□ 

The following theorem, proved in 13] implies that for any simple perturbation 
8' of 8, we may treat Dd'(f) like it is a Fredholm operator, and that we may 
define orientations on the kernel and cokernel of Dd'(f) by choosing a homotopy 
of Dd'(f) to a complex map. 

Theorem 3.8. Given any C°°'- family of curves f with a trivialization, a set {sj} 
of extra marked points and a simple perturbation 8' of d, the following is true: 

(1) for every curve f in f , 

D8'(f) : X°°^{f) — ► y(f) 

is a linear map which has a closed image and finite dimensional kernel and 
cokernel. 

(2) The dimension of the kernel minus the dimension of the cokernel of D8'(f) 
is a topological invariant 

2ci - 2n(g + s - 1) 

where c\ is the integral of the first Chern class of J over the curve f , 2n 
is the relative dimension of fi — > Bo, g is the genus of the domain of f , 
and s is the number of extra marked points on which sections in X°°>- must 
vanish. 

(3) If Dd'(f) is injective, then for all f in an open neighborhood of f in f, 
Dd'(f') is injective. 

(4) If D8'(f) is injective for all f in f, then there is a C°°'- vector bundle 
K over F(/) with an identification of the fiber over f with the dual of the 
cokernel of D8{f), 

K{f) = y(f)/D8'(f)(x°°<Hf)) 

so that given any section 9 in y(f), the corresponding section of K is C°°— . 
The set of maps 

x°°Hf) — ► y(f) 

equal to some D8' for some simple perturbation 8' of 8 is convex and contains the 
complex map 

l(V-+JoV-oj):X°°Hf)-^y(f) 

for any C°°'- connection V on T vert TS which preserves J . 

The set of all such D8' : X°°'-(f) — > y{f) is independent of choice of trivial- 
ization for f . 
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4. Evaluation maps 

4.1. The map ev°. 

In this section we show that the moduli stack of C 00 '- families of stable curves, 
Ai(pt), is an exploded orbifold, and construct a fibcrwisc holomorphic map 

ev° : M°°'-(B) -^M(pt) 

Remark 4.1. We shall show that A4(pt) may be regarded the explosion of the usual 
Deligne-Mumford space considered as a complex orbifold with normal crossing divi- 
sors corresponding to the boundary. More specifically, the usual Deligne-Mumford 
space M may be regarded as a stack over the category of complex manifolds with 
normal crossing divisors. It is locally represented by U/G where U is some complex 
manifold with normal crossing divisors, and some action of G. The inverse image 
U' of U under the forgetful map 

M +1 — > M 

from Deligne-Mumford space with one extra marked point is a family of curves 

U' — > U 

with automorphism group G. The explosion functor applied to this family gives a 
family of exploded curves 

Expl U' — > Expl U 

with a group G of automorphisms which locally represents the moduli stack of stable 
exploded curves. 

Thinking of Deligne-Mumford space as an orbifold locally equivalent to ( the stack 
of holomorphic maps into ) U / G, we shall prove that M. (pt) is locally equivalent to 
(the stack of all C°°'- maps into) Expl {//£?, and may be regarded as the explosion 
of Deligne-Mumford space. 

The paper |15] introduces the concept of families of curves with universal tropical 
structure. We shall need the following two results from |15j : 

Theorem 4.2. For any stable curve f in M. (B) with domain not equal to T, 
there exists a family of curves f containing f with universal tropical structure so 
that 

(1) there is a group G of automorphisms of f which which acts freely and tran- 
sitively on the set of maps of f into f. 

(2) There is only one strata Fq of F(/) which contains the image of a map 
f — > f , and the smooth part of this strata, \Fq~\ is a single point. 

(3) The action of G on |~C(/)] restricted to the inverse image of \Fq~\ is effec- 
tive, so G may be regarded as a subgroup of the group of automorphisms of 

\r. 

Lemma 4.3. Let f be a family of curves with universal tropical structure at f . Let 
h be a family of curves containing a curve f with a degree 1 holomorphic map 

: C(/0 — ► C(/) 

so that f — f o (f>. Then by restricting to a neighborhood of f in h there exists an 
extension of (j) to a map 

C(h) A C(/) 

I I 
F(h) — ► F(/) 

so that in a metric on B, the distance between the maps h and f o $ is bounded. 
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Lemma 4.4. Suppose that f is a family of stable curves (mapping to a point) with 
universal tropical structure at some curve f in f so that the map 

T f F(f) — > TfMipt) := T f M st (pt) 

is bijective. Then given any family of curves h containing a curve f with the same 
genus as f and with a degree 1 holomorphic map 

c(/') — > c(/) 

there exists an open neighborhood of f in h with an extension of the above map to 
a fiberwise holomorphic map 

C(h) — ► C(/) 

I I 
F(h) — > F(/) 

Proof: 

By restricting to a neighborhood of /' in h if necessary, Lemma 14.31 gives a (not 
necessarily holomorphic) map 

C(h) — ► C(/) 

4. I 

F(h) — > F(/) 

which is the given holomorpic map on C(/'). Pull back TF(/) along this map to 
give a vector bundle i? over F(/i), then pull back /i over E — > F(/) to give a family 
fo' of curves: 

C(h') — > C(h) 
I I 
F(h') = E — > F(h) 

Now construct a map 

C(h') ^ C(f) 

i I 
F(h>) — > F(/) 

which is the previous map restricted to the zero section of E = F(h'), and so that 
the derivative along the fibers of E of the map E — > F(/) is the identity when 
restricted to the zero section. 

Note that calling the above map h involves a sleight of hand, because before, 
our notation implied that h' was a family of curves mapping to a point instead of 
into C(/). There is a canonical inclusion of C(f') into C(h') which corresponds 
to the inclusion of C(/') into C(h) followed by the inclusion of C(h) into C(h') 
corresponding to the zero section of E. We shall further abuse notation by calling 
/' the restriction of h' to C(f') C C(h'), so /' now means a map C(/') — 5- C(/) 
which corresponds to the original holomorphic map C(f') — > 

Consider C(/) — > F(f) as a family of targets. We may choose a trivialization 
for h in the sense of Definition 13.11 using a connection V on T vert C(f) which is a 
holomorphic connection C(/). Consider the linearization of the 8 operator at /' in 
h' using this trivialization. 

Dd(f') : x^Hf) — ► y(f) 

X°°'-(f) in this setting is equal to C°°'- sections of the complex vector bundle 
(f)*TC(f) and Dd(f') is equal to i(V+joVo j). Any component of C(/') 
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which maps to a point in |~C(/')] is a sphere, and and Dd(f') is equal to the usual 
d operator acting on complex valued functions on these components. The usual d 
operator acting on C valued functions on a sphere has no cokernel and has kernel 
equal to the constant functions. It follows that any element of the kernel of Dd(f) 
must be constant on all these components, and must therefore be the pullback of 
a holomorphic vector field from TC(/) because C(/') — > has degree 1. As 

C(/) is stable, it has no nonzero holomorphic vector fields, so Dd(f) has trivial 
kernel. 

As all the strata of C(f') which are collapsed under the map C(/') — > C(/) are 
spheres or extra edges, and each connected component of C(/') which is collapsed 
has zero genus, any section in y(f') is equal to Dd(f') of a section in X°°'-(f) 
when restricted to the inverse image of a small enough open subset of C(/). It 
follows that the cokernel of Dd(f') is equal to the cokernel of i(V+jo Voj) acting 
on the space of vectorfields on C(f). 

As noted in Lemma 12.111 if j indicates the almost complex structure on C(/) 
and v is a vectorfield on C(/), 

Vv+jo W(jv) = -j o L v j 

As TfM st (pt) is defined to be the quotient of y(f) by the image of Li.\j, and 
+ 3 ° V o j) and Lf.\j are both complex linear, TfM st (pt) is equal to the 
cokernel of ^(V + j o V o j) and hence the cokernel of Dd(f'). 

As TfF(f) is equal to TfM st (pt), which is equal to the cokernel of Dd(f'), the 
derivative of dh' at /' in the fiber direction of E is an isomorphism onto the cokernel 
oiDd(f'). 

We may choose a pre obstruction model (h',V) so that V(f') is equal to the 
image of the derivative of dh' in the E direction at /' . Then Theorem 13.61 implies 
that in a neighborhood of /' in h! , there exists a C°°>- section v of (h')*T vert C(f) 
so that dv is a section of V . As /' in h started off holomorphic, and the derivative 
of dh in the E direction at /' is in V(f), Corollary 13 . 71 then implies that v vanishes 
to first order in the E direction at /. Therefore the derivative of dv in the E 
direction at /' is equal to the derivative of dh' in the E direction at /', which is an 
isomorphism onto V(f). 

Therefore, on a neighborhood of /', the intersection of dv with the zero section is 
a section of E — > F(h). This section composed with the map F(v) is the required 
C 00 '^ holomorphic map from a neighborhood of /' in h to /. 

□ 

Lemma 4.5. Suppose that f is a family of stable curves (mapping to a point) with 
a finite group G of automorphisms so that for every curve f in f 

(1) G acts freely and transitively on the set of maps f — > f , and each of these 
maps have different smooth part \f~\ — > ["/] . 

(2) / has universal tropical structure at f. 

(3) The map 

T f F(f) —> T f M( P t) := T f M st ( P t) 

is bijective. 

Then there is an open substack of A4(pt) which is equivalent to the stack ofC°°'- 
maps into F(/)/G. 



Proof: 
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Lemma HU] implies that if a curve h in h is isomorphic to a curve in /, then there 
is a map from a neighborhood of h in h into / which extends the given isomorphism. 
Let U indicate the substack of M. (pt) consisting of families of curves isomorphic to 
some curve in /. The above consideration implies that the curves in h which are in 
U form an open subset of h. Corollary |2.8l then implies that U is open. 

Now let h be a family of curves in U with two maps <j>i : h — > f. If these two 
maps are different at a curve h in h, then the <f>i(h) must differ by the action of an 
element of G, and therefore, their smooth parts must be different. It follows that 
the two maps <pi are equal on a closed subset of F(h). Similarly, tfii is equal to <f>2 
composed with the action of a given element of G on a closed subset of F(h). As 
restricted to any curve, 4>\ is always equal to 02 composed with some element of 
G, and G is finite, it follows that the subset on which (f>i is equal to 4>2 composed 
with a given element of G is both open and closed. In particular, if h is a connected 
family of curves, then </>i is equal to <p2 composed with some element of G. 

Around every curve ft in a family h of curves in U, Lemma 14.41 gives us the 
existence of \G\ maps of a neighborhood of h in h to / which are permuted by the 
action of G on /. The above paragraph gives a kind of uniqueness for these maps 
so that they patch together into a unique G-fold cover h! of h with a G-equivariant 
map into /. In other words, there exists a unique map of h into f /G. It follows 
that U is equivalent to the stack of maps into C(/)/G. 

□ 

Given any stable curve /, one way to represent A4(pt) near / is to use Lemma l4T2l 
to construct a family containing / which obeys the first two criteria of Lemma l4.5l 
then extend this family to also satisfy the last condition of Lemma 14.51 A second 
way is to apply the explosion functor to the universal curve over Deligne-Mumford 
space in a neighborhood of ["/] . 

Let 7r : U' — > U be a family of nodal curves with marked points (in the category 
of complex manifolds, or schemes over C) which when quotiented by its group G of 
automorphisms locally represents the universal curve over Dclinc-Mumford space 
as constructed by Deligne, Mumford and Knudsen in [1] and [8], or as constructed 
more geometrically by Robbin and Salamon in |16j . where it : U' — 5- U is called a 
universal unfolding. 

In either case, the following holds: 

(1) G acts freely and transitively on the set of inclusions of a given nodal curve 
into U' — > U. 

(2) U and U' are (or may be considered as) complex manifolds and it is a 
holomorphic map. 

(3) U minus the set of smooth curves is a normal crossing divisor D, and ir~ 1 D 
is also a normal crossing divisor, as is the union D' of ir~ l D with the locus 
of all marked points. 

(4) If a curve ir~ 1 (p) has n nodes, then around p there exist holomorphic co- 
ordinates (zi, ... , z m ) centered on p = (0, . . . , 0), so that D is locally in 
the form of Z\ ■ ■ ■ z n = 0. At the ith node of such a ir~ 1 (p) there are local 
holomorphic coordinates so that ir*Zj are coordinate functions for j =/= i, 
and there are two extra coordinate functions zf so that 
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Away from nodes, all the Zi pull back to be coordinate functions. Around 
a marked in 7r _1 (p), there are local coordinates (z, tt*Z\, . . . , tt* z m ) so that 
D' = {zir* Zl ■ -ir*Zn = 0}. 

We may therefore apply the explosion functor (described in [13] ) to tt: 
Expl tt : Expl U' — > Expl U 

Lemma 4.6. Expl7r satisfies the conditions of Lemma \4-5\ so Expl U/G is equiv- 
alent to an open substackhi of M.{pt) which consists of curves isomorphic to some 
curve in Expl7r. 

The property (Q| of tt implies that Expl7r is a family of curves. As the smooth 
part of Explw is equal to tt, Expl7r is a family of stable curves, and the property 
([1]) of tt implies condition ([1]) of Lemma 14.51 

Property (j4|) of tt implies that the tropical structure V{x) of Expl U at any point 
x G U is equal to [0, oo)™ where n is the number of nodes of the curve tt^ 1 {x). It 
also implies that at the ith internal edge 6j of Expl7r _1 (a;), the tropical structure 
of Expl U' is given by the fiber product 

V( ei ) — > [0,oo) 2 
I I a + b 

V{x) — > [0,oo) 

where the bottom arrow is projection onto the ith factor of V(x) = [0, oo)™. It 
follows from Remark 3.3 of [TS] that the tropical structure Expl7r restricted to 
any curve / is the universal extension of the tropical structure of /. Therefore, 
condition @ of Lemma 1431 holds. 

All that remains is to show that condition ([3]) of Lemma [43] holds. In particular, 
we must show that for any curve / in Expl7r, the map 

Tf ExplC/ — > T f M(pt) := T f M st (pt) 

is bijective. 

Recall from section l2"?5l that TfM.(pt) is defined as the cokernel of the map 

r(TC(/)) — > TW^CfJ) 6>TC(/)) 
v i y L v j 

As noted in Claim |2~TTI we may also consider TfM{pt) as equal to the cokernel 
of the d operator acting on C 00 '- vectorfields on C(/). The complex dimension of 
TfAA(pt) may be computed as Sg — 3 + fc from Theorem 13 . 81 part H21 and a calculation 
of the first Chern class of TC(f) as 2 — 2g — k where k is the number of infinite ends 
of C(/) and g is the genus of C(/). As this agrees with the dimension of Deligne- 
Mumford space, and therefore the dimension of Expl U, we need only check that 
the map Tf Explt/ — >■ TfM(pt) is injective. 

Let v be in the kernel of the map Tf Expl U — > TfM. (pt) . The description of 
this map from section [2.5.41 implies that there must be a lift v' of v to a section of 
TExplU' restricted to C(/) so that L v >j = 0. It remains to show that such a v' 
must be 0. 

Use \v'~\ to indicate the image of v' under the derivative of the smooth part 
map ExplC/' — > U', and \v~\ to indicate the image of v under the derivative of 
the map Explf/ — > U. We have that \v'~\ is a lift of \v~\ and that L^ v i^j = 
where j now indicates the fiberwise almost complex structure on U' — > U induced 
by the complex structure on U'. As defined, it is not obvious that \v'~\ is smooth 
at nodes and marked points of [C(/)], however, in the coordinates around nodes 
from property 2] such a vector field must be a constant vectorfield plus a vectorfield 
which is continuous and holomorphic away from the node or marked point, so it 
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must be smooth. As U' — > U represents Deligne-Mumford space, it follows that 
[V] and \v\ must be 0. 

We now have that \v'~\ — 0. If |"C(/)] has no nodes, then around / the smooth 
part map Explf/ — > U is an isomorphism, so \v~\ = implies that v = 0. Now 
suppose that |~C(/)] has n nodes, and use the coordinates from property of 
Deligne-Mumford space. In particular, around the ith node we have coordinates 
which include zf so that n*Zi = z^~ ' z~ . These coordinates correspond to coordinates 
zf on ExplC/' and a coordinate z% = zfz^ from ExplJJ. As zf~ are coordinates 
around the ith node, and [V2,- ] = \v'~\zf, it follows that v'zf — 0, and therefore 
vzi = 0. As the divisor D in U is defined by the product of these Zj corresponding 
to each node, it follows that v must be equal to 0. 

□ 

Corollary 4.7. A4(pt) is a C°°'- orbifold, and the explosion of Deligne-Mumford 
space. 

Lemma 4.8. Suppose that f is a connected C°°'- family of curves for which 2g+n > 
3 where g is the genus and n is the number of external edges of curves in f. Then 
there exists a unique stabilization f st of f , which is a C°°'- family of stable curves 
f st in A4(pt) with a degree 1, fiberwise holomorphic, C°°'- map 

C(f) — > C(/ St ) 

F(/) ^ F(.n=F(f) 

which preserves the genus and number of external edges of fibers. 
This defines a fiberwise holomorphic map 

M°°+(B) +1 — ► M{pt) +1 

4 I 

X°°,I(B) ^ M( P t) 

defined on the components of M.°°'-(B) for which 2g + n > 3. 
Proof: 

We shall first consider the stabilization of a single curve /. The idea is to 'remove' 
all unstable components using a series of maps of the following two types: 

(1) If a smooth component of C(/) is a sphere attached to only one edge, 
put holomorphic coordinates on a neighborhood of the edge modeled on 
an open subset of TL with coordinate z so that \z] gives coordinates 
on the smooth component of C(/) attached to the other end of the edge. 
Replace this coordinate chart with the corresponding open subset of C with 
coordinate z = \z\. There is an obvious degree one holomorphic map from 
our old curve to this new one that is given in this coordinate chart by 
z H> \z] , and sends our unstable sphere and the edge attached to it to the 
point p where z{p) = 0. (This map is the identity everywhere else.) 

As stable curves have no strata which are once-punctured spheres, the 
resulting holomorphic map C(/) — > C has the property that any holo- 
morphic map from C(/) to a stable holomorphic curve factors through it. 

(2) If a smooth component of C(/) is a sphere attached to exactly two edges, 
there exists a holomorphic identification of a neighborhood of this smooth 
component with a refinement of an open subset of TL „ orT[ 0oo j, Replace 
this open set with the corresponding open subset of Tj Q « or Tj Q The 
degree one holomorphic map from the old exploded curve to the new one 
is this refinement map. (Refer to [T3] for the definition of refinements.) 
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Again, the resulting holomorphic map C(/) — > C has the property 
that any holomorphic map of C(/) to a stable holomorphic curve must 
factor through it. 

Each of the above types of maps removes one smooth component, so after ap- 
plying maps of the above type a finite number of times, we obtain a connected 
exploded curve C(f st ) with no smooth components which are spheres with one or 
two punctures. Our theorem's hypotheses then imply that the resulting exploded 
curve f st must be stable. 

C(/ St ) has the same genus and number of punctures as C(/), as each of the above 
two types of maps preserves the genus and number of punctures. The map C(/) — > 
C(/ St ) is degree 1, holomorphic, and has the property that any holomorphic map 
from C(/) to a stable curve must factor through it. Any holomorphic, degree 1, 
genus and number of punctures preserving map between stable curves must be an 
isomorphism, so this universal property of C(f st ) implies that f st is the unique 
such stabilization of /. 

Now consider a family / of curves containing /, and let g be a family of stable 
curves containing f st , and satisfying the requirements of Lemma 14.51 (Such a 
family of curves exists, as proved by Lemma 14.61 ) By restricting / to a smaller 
neighborhood of / if necessary, Lemma 14.41 then gives us a fiberwise holomorphic 
map 

C(/) — ► C(g) 

I I 
F(/) — > F(g) 

which extends the given holomorphic map C(/) — > C(f st ) C C(g). So long as 
/ is connected, this map is fiberwise degree 1 and preserves genus and number of 
punctures. We may therefore pull back g over the map F(/) — > F(g) to obtain a 
stabilization of /: 

C(/) — ► C(/ Si ) — ► C(g) 

"If "T" "i" 

F(/) ^ F(/) — > F(g) 

Suppose that h is a family with a stabilization h st and a map h — > f. We have 
assumed that there is a group G of automorphisms of g so that given any curve 
h in h, G acts freely and transitively on the set of maps h st — > g, and each of 
these maps has a different smooth part. As every fiberwise degree 1 holomorphic 
map C(h) — > C(g) factors uniquely through a map h st — > g, it follows that 
G acts freely and transitively on the set of fiberwise degree 1 holomorphic maps 
C(h) — > C(g), and each of these maps has a different smooth part. Following the 
argument of Lemma 14.51 then gives that any two fiberwise degree 1 holomorphic 
maps C(h) — > C(g) are equal on a set which is both open and closed. 

Lemma B~5l implies that if h is small enough, there are \G\ C 00 '- maps h st — > g 
which are permuted by the action of G. The above argument implies that there 
must be one of these maps so that the following diagram commutes 

C(h) > C(/) 



C(h st ) > C(g) 
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and therefore, the following diagram of C°°'- maps must commute 

C(h st ) > C(g) 

F(h) = F(h st ) 

F(/) > F(g) 

so the definition of C(/ St ) as a fiber product implies that the map h st — > g factors 
as the composition h st — > f st — > g of C°°-- maps so that the following diagram 
commutes 

C(h) > C(/) 

C(h st ) > C(/ St ) 

The unique factorization property of stabilizations of individual curves implies that 
the map h st — > f st is the unique map so that the above diagram commutes. In 
this argument, we assumed that h was 'small enough', so we have only constructed 
the map h st — > f st locally, however, the uniqueness of this map implies that all 
such local constructions patch together to a globally defined map h st — > f st . 

To summarize, we have shown that every 'small enough' family / has a stabi- 
lization f st , and that if h also has a stabilization h st and there is a map h — > /, 
then there is a unique map h st — > f st so that the above diagram commutes. This 
uniqueness of locally defined stabilizations implies that locally defined stabilizations 
glue together. Therefore, every family of curves / satisfying the requirements of 
our lemma has a stabilization, and given any map h — > /, there exists a unique 
map h st — > f st so that the above diagram commutes. 

A choice of stabilization for every family in .M°°'-(B) defines our fiberwise holo- 
morphic map (on the connected components of A4°°'i(B) for which 2g + n > 3). 

M ooS^ + l > M( P t) + 1 

VU°°.1(B) ev ° > M( P t) 

□ 

4.2. The evaluation maps ev +n and adding extra marked points to fami- 
lies. 

In what follows, we define an 'evaluation map' for a family of curves using a 
functorial construction of a family of curves f +n with n extra punctures from a 
given family of curves /. 

Definition 4.9. Given a submersion f : D — > E 7 use the following notation for 
the fiber product of D over E with itself n times: 



D£:=D f x f T> f x f ■■■ f x f T> 
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Definition 4.10. Given a family of curves f in B — > Bo, define the family of 
curves f +1 to be a family of curves in B Xb B with one extra puncture 



C(/ +1 ) 



-> B x B „ B 



F(/ +1 ) = C(/) 



-> B 



satisfying the following conditions 

(1) TAe /?6er o/tt f(/+1) : C(/ +1 ) — ► F(/ +1 ) over a point p G F(/ +1 ) = C(/) 

is egwaZ to the fiber of ttf(/) : — >• F(/) containing p with an extra 
puncture at the point p. 

(2) There exists a fiberwise holomorphic, degree 1 map 

C(/+ 1 ) - -> C(/) x F(/) C(/) 



C(/) * > C(/) 

so t/iai i/ie following diagram commutes. 

c (/ +1 ) 



/ x /. 



C(/) x F(/) C(/) B x Bo B 



-> B 



C(/) 



F >B 

Define / +0 to be f , and for positive integers n, define f +n inductively using 

j+n _ f j + (ri-l) N 



so f +n is a family of curves in Bj 



C(/+») 



-> Bb +1 



C(/+(»-i)) f — + B« o 



C(/) 



-> B 



F(/) 



-> Br 



.M(pt) given by Lemma 



Combining f + ( n ^ with the map ev° : F(/+") 
when n is large enough, we get the evaluation map 

(3) ev +n (f) := (ev°, : F(/+*») — > A4(pt) X B£ o 
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We shall show below that given any family / of curves, there exists a family f +1 
satisfying the above requirements. Then we shall show that such a family is unique 
and that the construction is functorial. 

The total space of the domain, C(/ +1 ) is constructed by 'exploding' the diagonal 
of C(/) x F (/) as follows: 

Consider the diagonal map A : C(/) — > C(/) X P (y) C(/). The image of the 
tropical part of this map, A, defines a subdivision of the tropical part of C(/) x F (y) 
C(/). As noted in section 10 of [2], any such subdivision determines a unique 
refinement C — > C(/) x F( -j) C(/). Note that the diagonal map to this refinement 
C is still defined, 

a 

C(/) C(/) x F(/) C(/) 

and a neighborhood of the image of A' in C is equal to a neighborhood of in a 
C-bundle over C(/). 

Now 'explode' the image of the diagonal A' in C to make C(/ +1 ) — > C 
as follows: We may choose coordinate charts on C so that any coordinate chart 
intersecting the image of the diagonal is equal to some subset of C x U where U is a 
coordinate chart on C(/), the projection to C(/) is the obvious projection to U, the 
complex structure on the fibers of this projection is equal to the standard complex 
structure on C, and the image of the diagonal is x U. Replace these charts with the 
corresponding subsets of T} x U, and leave coordinate charts that do not intersect 
the image of the diagonal unchanged. Any transition map between coordinate 
charts of the above type is of the form (z, u) M> (g(z, u)z, (f>(u)) where g{z, u) is C* 
valued and fiberwise holomorphic in z. In the corresponding 'exploded' charts, the 
corresponding transition map is given by (z, u) t-> (g(\z\,u)z, 0(tt)). The transition 
maps between other charts can remain unchanged. This defines C(/ +1 ). The 
map C(/ +1 ) — > C is given in the above coordinate charts by (z,u) >-> 
Composing this with the refinement map C — > x F( -y) C(/) then gives a 

degree one fiberwise holomorphic map 

C^ 1 ) C(/) x F(/) C(/) 

I I 
C(/) ^ C(/) 

The map / +1 : C(/ +1 ) — > C(/) X F (j) C(/) is given by the above constructed map 
— > x F ^j C(/) composed with the map 

C(/) x F(/) C(/) — > B x Bo B 

which is / in each component. All the above maps are smooth or C 00 '- if / is. This 
constructed family of curves / +1 obeys the requirements of Definition 14. 101 

The following lemma implies that f +n is unique (up to unique isomorphism) and 
that the construction of / + " is functorial. 

Lemma 4.11. Given a map of families f — > g and families f +1 and g +1 satisfying 
the requirements of Definition {JTTU\ there is a unique induced map f +1 — > g +1 so 



36 



BRETT PARKER 



that the diagram 

C(/ +1 ) - -> CC9+ 1 ) 

C(/) x F(/) C(/) > C(g) x P(fl) C(.g) 

c(/)- - ->c($) 

commutes. 
Proo/: 

Both C(5 +1 ) and C(#) x P (§) C(#) are families over C(g), but the fiber in C(g +1 ) 
over a point p £ has one extra puncture. Away from this puncture, the 

map C(g +1 ) — > C(g) Xf($) C(g) must be a fiberwise holomorphic isomorphism. 
Therefore, away from the extra puncture, the required map 

C(/ +1 ) > C(g +1 ) 

C(/) x F(/) C(/) - — > C(g) x F(g) C(g) 

exists, is unique, and is fiberwise holomorphic. 

On a neighborhood of the extra puncture in the fiber over p G C(g), there 
exists a fiberwise holomorphic exploded coordinate function z so that the extra 
puncture is at \z\ = 0. The fiberwise holomorphic function \z~\ is a fiberwise 
holomorphic coordinate function on C(g) X-F(g) C(^) which vanishes on the image 
of the diagonal. Therefore, \z~\ pulls back to a fiberwise holomorphic coordinate 
function on C(/) x p , a C(/) which vanishes on the image of the diagonal. It follows 

that if z' is a locally defined fiberwise holomorphic coordinate function on C(/ +1 ) 
so that the extra puncture is at \z'~\ — 0, then the pullback of \z~\ is equal to h\z'~\ 
where h is some non- vanishing, fiberwise holomorphic function. Therefore there 
locally exists a unique map 

C(/ +1 ) ► CC9+ 1 ) 

C(/) x F(/) C(/) - -> C(g) x F(g) C(g) 

which is fiberwise holomorphic and pulls back z to hz'. As the locally defined maps 
we have defined all satisfy the same uniqueness property, they glue together to 
give the required unique map. Restricted to each fiber, this map is a holomorphic 
isomorphism. The fact that / +1 factors through C(/) x F( -a C(/) implies that our 

map C(/ +1 ) — ► C(g +1 ) corresponds to a unique map / +1 — ► g +1 . 

□ 

5. Core families 

The following notion of a core family gives a way of locally describing the moduli 
stack Ai st of stable C°°'- curves. A notion such as this is necessary, as the 'space' 
of stable curves in B — > B of a given regularity can not in general be locally 
modeled on even an orbifold version of a Banach space - this is because the domain 
of curves that we study are not fixed, and because of phenomena which would be 
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called bubble and node formation in the setting of smooth manifolds. (The moduli 
stack of stable curves could be described as a 'orbifold' by using an adaption to the 
exploded setting of the theory of polyfolds being developed by Hofer, Wysocki and 
Zehnder in a series of papers including [5]- An adaption of the theory of polyfolds 
to the exploded setting is a worthwhile direction for further research which is not 
explored in this paper.) 

Definition 5.1. A core family of curves, (//G, {s^}) for an open substack O of 
A^°°'i(B) is: 

• a C°°'- family f of stable curves with a group G of automorphisms, 

C(/) A B 

i I 

F(/) — ► Bo 

• a finite, G -invariant collection 0/G 00 '- 'marked point' sections s, : F(/) — > 
C(f) which do not intersect each other, and which do not intersect the edges 
of the curves in C(/). 



A fiberwise holomorphic map 



so 



O+ 1 A C(f)/G 
I i 
O — > F(f)/G 

in the sense of definition \2.5\ on page 

that 

(1) The map <£> applied to the family f is the map given by quotienting C(/) 
byG. 

(2) Given any curve f in O and connection on T vert T5, the maps f and //Go$ 
are related by exponentiation of some vectorfield ip which is a section of 
(//Go $)*T t , ert B which vanishes on the marked points corresponding to 

{Si} 

(3) Conversely, given any curve f in f and section ip of f*T vert & which van- 
ishes on marked points corresponding to {si}, the composition of f with 
exponentiation of tp gives a new curve f which will be in O if ip is small 
enough. In this case, the map $ : C(/') — > C(/)/G factors through the 
identity map C(/') — y C(/) and the quotient map C(/) — y C(/)/G. 



Proposition 15.81 stated on page [44] constructs a core family containing any given 
stable holomorphic curve with at least one smooth component. 



5.1. Construction of a core family. 

The following theorem gives a sufficient criteria for when a given family with a 
collection of marked point sections is a core family: 

Theorem 5.2. Let f be a family in M. st with a group G of automorphisms, and a 
finite nonempty set of disjoint sections Si : F(/) — y C(f), which do not intersect 
the edges of the curves in C(f), so that the following conditions are satisfied: 

(1) For all curves f in f, the action of G on the set of maps of f into f is free 
and transitive. 

(2) For all curves f in f , the smooth part of the domain C(f) with the extra 
marked points from {si} has no automorphisms. 
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(3) The action of G preserves the set of sections {si}, so there is some action 
of G as a permutation group on the set of indices {i} so that for all g G G 
and Si, 

Si°g = g° s g (i) 

where the action of g is on F(/), C(/) or the set of indices {i} as appro- 
priate. 

(4) There exists a neighborhood U of the image of the section 

s : F(/) — ► F(/+») 
defined by the n sections {si} so that 

ev+ n (f) :F(/+") — > M(pt) x B£ D 

restricted to U is an equi- dimensional embedding 

(5) The tropical structure of f is universal. 

(6) For any curve f in f , there are exactly \G\ points x in F(/ +Tt ) so that 
ev +n (f)(x) is in the closure of the image of ev +n (f) o s. 

Then (/ /G, {si}) is a core family for an open subset O of containing every 

refinement of any curve f in f . 

Proof: 

Define O to be the substack of Ad 00 '- consisting of curves h satisfying the fol- 
lowing properties: 

(1) ev +n (h) intersects closure of the image of ev +n (f) o s exactly \G\ times, 
and each of these intersections is a transversal intersection with the image 
of ev +n (f) o s. 

(2) Each of the above intersection points corresponds to 

• a point x in F(h +n ), 

• and a curve / in / 
so that 

ev +n (h)(x) = ev +n (f)(s(f)) 

The second property that h must satisfy to be in O is that there exists a 
holomorphic refinement map 

$ : C(h) — > C(/) 

so that h is equal to /o$ followed by exponentiating some vectorfield which 
is a section of / o <J>*T t , ert B which vanishes at the extra n marked points 
on C(h) corresponding to x. 

(3) Given any family h in .M 00 '- containing h and one of the refinement maps 
$ : C(h) — > C(/) from property above, the third property that h 
must satisfy to be in O is that there exists an extension $ of <& to some 
neighborhood of C(h) C C(h) 

C(h) C(f) 
F(h) > F(f) 

so that h is equal to / o <3> followed by exponentiation of some section 
of (/ o <E>)*r i , ert B which vanishes at the extra n marked points on C(h) 
corresponding to x. 

Claim 5.3. If f is in f , then every refinement of f is in O. 
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Criteria|5]and|3]iniply that propertyQ]Iiolds for every curve / in /. As refinement 
does not affect transversal intersections, it follows that property Q] also holds for any 
refinement of /. Property [2] also holds trivially for any refinement of / using the 
zero vector field. To see that property [3] holds, note that / has universal tropical 
structure, and apply Lemma 14.31 This implies that given any family of curves h 
containing a refinement h of /, restricted to some neighborhood of h in h, there 
exists a map 

C(h) ^ C(/) 

i 4. 

F(h) — > F(/) 

which is the refinement map restricted to C(h) C C(h), and so that the distance 
between / o $ and h is bounded. In particular, this implies that we may choose 
$ so that h is / o $ followed by exponentiation of some section of (/ o $)*T l)er . t B 
which vanishes on C(h) C C(h). Therefore property [3] holds. 

Claim 5.4. If properties^ cmd[H hold for a curve h, then property^ holds for h. 

Let h be a family of curves containing h. As properties [1] and [2] hold, for a given 
intersection x from property [TJ there exists a map 

* : C(h) — > C(/) 

which is a refinement map onto the domain of some curve in / so that h is equal 
to / o $ followed by exponentiating some vectorfield which is a section of (/ o 
<J>)*T , „ ert B which vanishes at the extra n marked points on C(h) corresponding to 
x. Equivalently, / o $ is equal to h composed with exponentiation of some section 
v of h*T ver tB which vanishes on the extra marked points. Define h' to be / o $, 
and define hi to be h composed with exponentiation of some extension of v. As 
h' is a refinement of a curve in /, Claim [5~3l implies that property [3] holds for h' . 
Therefore, on a neighborhood of C(h), there is a map 

* : C(ti) = C(h) — > C(/) 

extending <£> : C(h) = C(h') — > C(/) so that h' is equal to / o l> followed by 
exponentiation of some section of (/o$)*T t , ert B which vanishes on the extra marked 
points on C{h). As h' is obtained from h by exponentiating a section of /i*T„ ert B 
vanishing on the extra marked points on C'(h'), the same property holds for h and 
h. In other words, property [3] holds for h. This completes the proof of Claim Hx4l 

Claim 5.5. If h is in O, and h is any family containing h, property\T\ holds on a 
neighborhood of h in h. 

Choose a point x in F(h +n ) C F(h +n ) in the inverse image of the image of 
ev (/) ° s - We must show that this transverse intersection point x continues 
to exist in a neighborhood of h. Property [3J and criterion U imply that on an 
open neighborhood of x in F(h +n ), ev +n (h) factors as a map to F(/ +n ) followed 
by ev +n (f) so that x is sent to the image of s : F(f) — > F(f +n ). It follows 
that each of these transverse intersection points continues to exist for curves in a 
neighborhood of h within h. In a neighborhood of h within h, there will be no 
extra intersection points with the closure of the image of ev +n (f) o s. It follows 
that property [1] holds for curves in a neighborhood of h within h, and Claim [531 is 
proved. 
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Claim 5.6. Ifh contains a curve h in O, then every curve in an open neighborhood 
of h within h satisfies property O 

We shall complete the proof of Claim 15.61 only near the end of the proof of this 
theorem. For now, note that Claim [57J] together with Claims 15751 and 15761 imply that 
given any family h of curves, the curves which are in O form an open subset. It 
follows from Corollary 12.81 that O is open. 

Given a family of curves ho , we shall now prove some facts for a sufficiently small 
open neighborhood h of the curves in ho which are also in O. This will serve to 
prove Claim 15.61 at the same time as we prove facts about any family of curves h 
within O. 

By Claim [5751 we may assume that property [T] holds for all curves in h, so the 
following fiber product is transverse, and comes with an equidimensional submersion 
of degree \G\ to F(h). 

F(h+ n ) f 

(4) 



As noted above, if h is in O, property [3] and criterion |~4] imply that for each 
intersection point x of ev +n (h) with ev +n (f) o s, on an open neighborhood of x in 
F(h +n ), ev +n (h) factors as a map to F(/ + ") followed by ev +n (f) sending x to the 
image of s. It follows we may assume that the above map is a |G|-fold covering 
map (so it is locally an isomorphism onto an open subset of F(h), instead of just 
being locally a refinement of an open subset of F(h)). 

Criterion [3] implies that there is an action of G on M(pt) x B| o which permutes 
the labels of the extra n marked points and the corresponding factors of Bg o so 
that ev +n (f ) o s is G-equivariant. As the image of ev +n (h) automatically contains 
all the results of such a permutation of marked points, this G action gives an 
action of G on the above fiber product in This makes the above |G|-fold cover 
of F(h) into a G- bundle because the action on the image of ev +n (f) o s simply 
permutes the marked points, so each G-orbit is contained within the same fiber 
of F(h +n ) — > F(h). Therefore, the above map from our G-bundle to F(/) is 
equivalent to a map from F(h) to F(/)/G. 

Define a G-fold cover h of the family h by setting 

F(h') :=F(h +n ) ev+ n Ch) X ev+na)os F(f) 
and pulling back the family h by 



V 




F(h') > F(h) 

Given any family of curves g in O and a map g — > h, Lemma 14.111 implies that 
there is a naturally induced map g +n — > h +n , which induces a G-equivariant map 



*(h +n ) ev+Hh) x ev+ n {f)os F(/) > F(f) 
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Therefore, we have a canonical G-equivariant lift of the map g 

g> > h> 



h 



so that the G-equivariant map F(g') — !• F(/) factorizes as F(g') — > F(/') — > 
F(/). In other words, we have constructed a map O — > F(f)/G. To check 
Criterion [T] of the definition of a core family on page [33 we should check what this 
map is applied to / itself. 

F(/') := F(/+") ev+n(f) K ev+n(f)os F(/) 

F(/') may be regarded as the family of pairs (f\, j?) where ji is a curve in /, and 
fi is a curve in f +n isomorphic to s*/^™. As s*/^™ has no automorphisms, there 
is a canonical isomorphism of s* f% with f\, so the choice of /i is equivalent to a 
choice of curve /{ in / and an element g of G so that g * f% — f[ . The map 

F(/') — > F(/) 

is the map which sends (f[,g, ]?) to /2, and the G-fold cover map /' — > f corre- 
sponds to the map (/{,(?, ^2) |— ^ /{• These maps fit into the following commutative 
diagram 



F(f) — 
I 

F(/) — 

where the top arrow is the map from O 



F(/) 

I 

F(f)/G 

-)• F(/)/G, the left arrow is the G-fold 



cover map, and the other two arrows are both the quotient map F(/) — > F(/)/G. 
It follows that the map O — > F(/)/G applied to / is the quotient map F(/) — > 
F(/)/G, as required by Criterion [T] of Definition 15.11 



We must lift our map O — > F(/)/G to a fiberwise holomorphic map 

O+ 1 — > C(/)/G 
I I 
O — > F(/)/G 

In particular, we must construct a lift of F(h') — > F(/) to a G-equivariant, fiber- 
wise holomorphic map 

C(fe') ^> C(/) 

I I 
F(h>) — > F(/) 

so that /i' is equal to / o $ when restricted to the pullback under $ of each of the 
sections s 2 ;. 

Consider the map 

(5) ev +n (f) : C(/+") — > A^(pt) X B^ o 

constructed from the composition of eu + (™ +1 )(/) with a projection map 

M(pt) x B^ 1 
A4(pi) x Bg o 
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forgetting the image of the (n + l)st marked point. On the second component, 
ev +n (f) is equal to the composition of the projection C(/ +n ) — > F(/ +n ) with the 
map /+C™- 1 ). 

Denote by s* /+" the pullback of f +n under the map s : F(/) — > F(/+ n ). 
Criteria[2]and|4]imply that the above evaluation map eb (/) is an equidimensional 
embedding in a neighborhood of C(s* f +n ) C C(/ +n ), and that the following is a 
pullback diagram of families of curves 

C(/+") -^^h M(pt)+i x B£ Q 

F(/+") ) M(pi) x B£ o 

We can therefore regard C(s*/ + ") as a fiber product 

C ( s *;+") > M( P t) +1 x B£ o 

F(/) ro+ " (/) ° 8 » ^)xB^ 

In order to define $ : C(h') — > C(/), we shall first define a map <& : C — ^ 
C(s*/ + "), where C shall be obtained from C(h') by adding n extra external edges. 

Define C — > F(ft') as the pullback of C(^ +n ) — > F(^ +n ) under the inclusion 
F(ti) =-> F(/i + "). (This C is C(ft') with n extra external edges.) 

C ■ > C(/j+") 

F(fe') ■ > F(h+ n ) 

The action of G on F(/i') C F(/i +n ) is some permutation of marked points. This G 
action extends to a G action on F(h +n ) permuting these marked points, and lifts 
to a G action on C(h +n ) which just permutes the same marked points (which are 
external edges of the curves in C(h +n )). Therefore, we have a lift of our G action 
on F(h') to a G action on C. 

Claim 5.7. There exists a unique fiberwise holomorphic map 

a — ?— » c( s *f+ n ) 

F(h') ► F(/) 

so that ev +n {f) o $ = ev +n (h) on C 

(The uniqueness condition in Claim 15.71 above makes no mention of lifting our 
given map F(h') — > F(/), however, any map $ satisfying this condition is auto- 
matically the lift of our already constructed map F(h') — > F(/).) 
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To prove Claim [5771 consider the commutative diagram 
C " v+n(h) ) M( P t) +1 x B£ n 

F(h>) eV+n{h) > M{pt) x B" Bo 
where the bottom arrow can either be regarded as 

F(fc') ^ F(h +n ) ev+n(h \ M (pt) x B£ o 

or as 

F(h>) — > F(/) CT+ " (/)os > M(pt) x B£ o 
Therefore, by regarding C(s*/ +n ) as a fiber product, we get a commutative diagram 

ev +n ("h) 



C - > C(s*f+ n ) ev U) > M{ P t) +1 x B» 

F(h') ► F(/) CT+ " (/) ° S > M( P t) x B£ o 




The map <& above is a fiberwise holomorphic map from C to C(s*/ +n ) so that 
e« +n (/)o$ = ev +n (h) on C. Any map $ satisfying this condition must fit into the 
commutative diagram above. The bottom loop of the above diagram is uniquely 
satisfied by our given map F(h') — > F(/), therefore such a map $ is unique. This 
completes the proof of Claim 15.71 

Consider $ in the case that ft. is a curve h in O. Then property [2] of O implies 
that there exists a map $ : C(h') — > C(/), which restricted to each curve in h 1 
is a holomorphic refinement map onto a fiber of C(/) so that / o $ is equal to h! 
restricted to of the extra marked points on C(/). It follows that $ lifts to a 
holomorphic refinement map C — > C(s* f +n ) satisfying the conditions required 
of $. Therefore, the uniqueness of $ implies that $ restricted to any fiber in O is 
a holomorphic refinement map. 

To construct $ from 4>, we may assume that we have restricted h to curves in 
an open neighborhood of O so that $ is fiberwise a holomorphic refinement map. 
The extra external edges on C are just the pullback of the extra external edges on 
C(s* f +n ), which are all distinct and contained in smooth components of C(f). It 
follows that we may forget these extra external edges in the domain and target of 
$ to obtain a C°°>- map $. 

C — > C(s*f+ n ) 

C(ft') C(/) 

F(ft') > F(/) 

which is a holomorphic refinement map restricted to each fiber. 
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As noted above, the uniqueness of 4> implies that restricted to any curve h in 
O, $ must be the map from property [5] of O. It follows that on a neighborhood 
in hi of all these curves in O, there exists some C°°'- section v of ($ o f)*T vert 'B 
which vanishes on all the extra marked points so that h! is equal to / o $ followed 
by exponentiation of v. In particular, property [5] holds on this neighborhood and 
Claim 15.61 has now been proved, so O is open. We have also just proved that 
Criterion [2] of definition 15.11 holds. 

The requirement that e~v +n {f) o $ = ev +n (h) on C is equivalent to the require- 
ment that restricted to the inverse image of the extra marked points, / o $ is equal 
to h. As any choice of <3? satisfying these conditions is equivalent to a choice of 
<f>, the uniqueness of $ implies $ is the unique map C(h') — > C(/) which is a 
holomorphic refinement map restricted to each fiber so that / o $ is equal to h! 
restricted to the inverse image of the extra marked points {si}. 

The uniqueness of $ and the G-equivariant nature of the conditions imposed on 
it imply that $ is a G-equivariant map, so $ may be regarded as a map from C(h) 
to C(/)/G. The fact that O — > F(/)/G is a map of stacks and the uniqueness of 
this lift $ imply that $ defines a fiberwise holomorphic map 

+1 — 5-> C(/)/G 
O > F(/)/G 

In particular, given any map of families g — > h, the map of G-fold covers g' — > h! 
is compatible with $ in the sense that $ : C(g') — > C(f) factorizes as 

C(g') > C(h') C(/) 

As we have already checked Criterion [T] for the map O — > F(/)/G, the unique- 
ness of this lift $ also implies Criterion [T] from Definition 15.11 namely, $ applied to 
/ corresponds to the quotient map C(/) — > C(f)/G. The uniqueness property of 
$ implies that $ is unaffected by flowing by vectorfields which vanish at the extra 
marked points. Therefore Criterion [T] implies Criterion 151 of Definition I5TT1 

□ 

The following proposition constructs a core family containing a given stable 
holomorphic curve which has at least one smooth component (so its domain is not 
T). 

Proposition 5.8. Given a curve f in A4 st with a domain which is not equal to 
T, and a collection of marked points {pj} in the interior of the smooth components 
of C(/), there exists a C°°~ core family (//G, {si}) satisfying the requirements 
of Theorem \ 5.'A with f a family containing f so that the restriction of {s^ to f 
contains the given marked points {pj}- 

Proof: Theorem 14.21 allows us to construct a family of curves /' with universal 
tropical structure containing / with a finite group G' of automorphisms which act 
freely and transitively on the set of maps of / into /'. The smooth part of the 
strata of F(/') containing / consists of a single point, and G' is a subgroup of the 
group G of automorphisms of [/] . We may also assume that there is only one curve 
in [/'] which is isomorphic to ["/] . 
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Let /o be the quotient of G X /' by the equivalence relation setting (g, /') equal 
to (gh^ 1 , h * /') for any h E G' . In other words, fo is \G/G'\ disjoint copies of /'. 
G acts as a group of automorphisms on fo by multiplying the G factor of G x /' 
on the left. This G action is free and transitive on the set of maps of / into fo. 
This new family fo also has universal tropical structure because having universal 
tropical structure is a locally defined condition. 

Choose one particular inclusion of / into fo, then choose a G- invariant collection 
of n non intersecting sections Si of C(/o) — > F(f) so that the intersection of these 
sections Si with C(/) C C(/o) correspond to a set of marked points {pi} so that 
the following conditions hold: 

(1) These marked points {pi} contain the set of marked points given in the 
statement of the theorem. 

(2) Each pi is in a smooth component of C(/). 

(3) The action of G as the automorphism group of [/] permutes the marked 
points pi, and the action of G on the set of sections Si is compatible in 
the sense that if g as an automorphism of [C(/)] sends pi to pj, then the 
action of g on F(/o) followed by Sj is equal to Si followed by the action of g 
on C(/o)- Representing the various actions of g simply as g, we may write 
this condition as 

g * Pi = Pj implies that Sjog — gosi 

(4) C(f) with the set of points pi so that d\f~\ is injective at pi is stable. 

(5) The nodal Riemann surface |~C(/)] with the extra marked points {pi} has 
no automorphisms. 

(6) There is at least one marked point on each smooth component of C(/). 

Clearly, items [3J HI [5] and [5] above remain true for the marked points obtained 
by intersecting {s^ with C(f') for /' in a neighborhood of /. 

Following the notation of the proof of Theorem IQ1 let s : F(/ ) — > P(/o"™) be 
the map determined by the n sections, {si}, so the domain of the family of curves 
s */o~ n is C(/o) with extra external edges at the images of s,. 

Claim 5.9. // a curve h in f +n has smooth part isomorphic to the smooth part of 
a curve in s* Jq" , then h is actually isomorphic to a curve in s*/^ 1 "™. 

To prove Claim f5T9l consider the corresponding isomorphism of [/] with a curve 
in [~/o] . As there was only one curve in [/'] isomorphic to [/] , this isomorphism 
must decompose as an automorphism g\ of [/] followed by our chosen inclusion 
[/] — > \fo] , followed by the action of some gi G G. Item [3] implies that the 
pullback of \si\ under such an isomorphism is equal to the pullback of |~Sj] under 
our chosen inclusion [/] — > \fo] followed by the action of #2ffi- Therefore, the 
extra marked points on h may be obtained by pulling back the sections Si via our 
chosen inclusion of / into fo followed by the action of an element of G. Therefore, 
h is isomorphic to a curve in s*/^™, and Claim is true. 

Item [5] implies that each of the |G| inclusions of / into fo corresponds to a 
different intersection of ev +n (f) with the image of ev +n (fo) o s. Claim [57^1 implies 
that no other curve in f +n has the same smooth part as a curve in s* /q"™. We may 
therefore add extra marked points satisfying the above properties until \ev +n (f)~\ 
has precisely \G\ intersections with the image of \ev +n (fo) ° s~|. 
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Consider the tropical structure of the map 

e« +n (/o)oo:F(/ ) —> M(pt) x B Bo 

at the curve /. This is some integral affine map P u — > P'. This tropical structure 
records the image of fo ° in B, and because of item [5] above, it also records 
the length of the internal edges of curves in fo- Because fo has universal tropical 
structure, Remark 3.3 of [15] implies that the map P u — > P' is injective and sends 
integral vectors on P u to a full sublattice of the integral vectors on P' . In other 
words, ef +n (/o) o s sends integral vectors in its domain to a full sublattice of the 
integral vectors in its target. 

As the smooth part of the strata of F(/o) containing / is O-dimensional, T/F(/o) 
consists of only integral vectors. The above discussion then implies that if fo is 
chosen small enough, ev +n (fo) o s is injective and has injective derivative. 

Item 0] above ensures that at the point s(f) € F(/^ 1 ""'), the derivative of the 
smooth part of 

ev+ n (f) : F(/+") — > M(pt) x B Bo 

is injective. As each of the pi are distinct and on smooth components of C(/), a 
neighborhood of s(f) in F(/ +n ) is isomorphic to K 2 ™. Therefore, the derivative 
of ev +n (f) at this point is injective and has no nontrivial integral vectors in its 
image. It follows that if fo is chosen small enough, restricted to a neighborhood of 
the image of s, 

ev+ n (f ) : F(/+") — > M(pt) x B' Bo 
is injective and has injective derivative. 

We shall now extend fo and {si} to a G-invariant family / with a G-invariant set 
of sections {si} so that ev +n {f) is an equidimcnsional embedding in a neighborhood 
of the image of s, (so Criterion 2] of Theorem 15.21 will be satisfied.) 

The action of G permutes the n sections {si}. In other words, there is an action 
of G on /g 1 "™ which lifts the action of G on fo and permutes the labels of the extra 
edges in f£ n so that s : F(/ ) — > F(/ f ") is G-equi variant. 

There is a corresponding action of G on M.(pt) x B B permuting the labels of 

the n extra external edges of curves in M. (pt) and the n factors of B Bo . With this 
action of G, 

ev +n (fo) : F(/+") — > A4(pt) X B Bfl 

is also G-equivariant. (This map ev +n ( fo) is invariant under the lift of the action 
of G on fo, and obviously equivariant under the action of G which permutes the 
same n labels in the domain and target.) 

Choose a G-invariant metric on A4(pt) x B Bo , and let U be some small G- 

invariant tubular neighborhood of the image of ev +n (fo) restricted to a neighbor- 
hood of the section s. (Note that in general U will not be an open neighborhood 
in the usual topology on A4(pt) x B Bq , as the topology induced by a metric on 
an exploded manifold is finer than the usual topology.) Let V be the restriction of 
this disk bundle U to the image of ev +n (fo) ° s, (so V has codimension In in U.) 
As ev +n (fo) and ev +n {fo) ° s are G-equivariant and the metric used to define our 
tubular neighborhood is G-invariant, V is G-invariant. 

Define F(/) to be V, and define C(s* f) by the pullback diagram 
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C(s*/) > M(pt) +1 X Bl 



F(/) 



-> M( P t) x B« o 



The action of G on M(pt) x Bg o lifts to an action of G on M(pt) +1 x Bg o which 
permutes the same external edge labels. Therefore, there is an action of G on the 
family of curves C(s*/) — > F(/) which makes the above diagram G-equi variant. 
By removing the extra edges in C(s*/), and remembering their location with sec- 
tions Si, we get a G-invariant family of curves C(/) — > F(/) with a G-invariant 
set of sections {si}. 

Note that there is a G-equivariant inclusion of C(/o) as a subfamily of C(/) via 
the diagram 



C(/o) 



F(/o 



ev +n (fa) o s 



-+C(/) 



> V = F(/) 



Note also that the restriction of the sections Sj of C(/) — > F(/) are our original 
sections Si. As F(j) is just a disk bundle over F(/o), C(/) is just a disk bundle 
over C(/o). We may therefore extend the map fo to a map / 



C(/) 



F(/) 



/ 



-> B 



so that ev +n (f) o s : F(f) — > M{pt) x Bg o is the identity inclusion of V. As this 
condition is G-equivariant and the original map fo is G-invariant, we may construct 
our map / to be G-invariant. 

As / is just the extension of /o to a disk bundle, Lemma 4.4 of [15] implies that 
/ has universal tropical structure. Therefore / satisfies condition [S] of Theorem l5.2l 

By construction, ev +n (f) o s is an embedding, and the derivative of ev +n (f) 
at s(f) is an isomorphism. Therefore, by restricting / to a smaller G-invariant 
neighborhood of / if necessary, ev +n (f) is an equidimensional embedding in a 
neighborhood of the image of s. In other words, / satisfies condition @] of Theorem 



Condition 151 of Theorem I5~21 is satisfied because s is G-equivariant. Condition [2] 
is satisfied because of item \b\ from the construction of {si}. 



We shall now verify Condition |H] of Theorem 15.21 We have already established 
that there are precisely |G| intersections of \ev +n (f)~\ with \ev +n (fo) o s] corre- 
sponding to the |G| maps of / into fo. The corresponding intersections of ev +n (f) 
with the image of ev +n (f) o s are transverse (and dimensional). By restricting 
/ to a smaller G-equivariant neighborhood of fo if necessary, we therefore get that 
there are precisely |G| intersections of \ev +n (f)~\ with the closure of the image of 
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\ev +n (f) o a], and that for any /' sufficiently close to / in /, there are precisely 
|G| intersections of ev +n (f) with ev +n (f) o s, that these intersections are trans- 
verse, and that there are no further intersections of \ev +n (f')~\ with the closure of 
\ev +n (f) o s~|. By further reducing the size of /, we may ensure that for all /' in 
/, ev +n (f) intersects the closure of the image of ev +n (f) o s exactly |G| times. In 
other words, Condition [6] of Theorem 15.21 holds. 

To verify Condition [1] of Theorem 15.21 we must verify that for all /' in /, the 
action of G on the set of maps /' — > f is free and transitive. As we have already 
shown that there are are precisely \G\ intersections of ev +n {f) with ev +n (f) o s, 
there are at most \G\ maps /' — > /, and it remains to verify that the action of 
G on the set of these maps is free. This is easy, because the action of G does not 
fix the image of [C(/)] in [C(/)] under the inclusion / — > f, so the action of G 
can not fix any curve in a G-equivariant neighborhood of / within /. Therefore, 
Condition [1] of Theorem 15.21 will hold if we restrict / to a small enough G-invariant 
open neighborhood of /. 

We have now verified that (//G,{sj}) satisfies all the conditions of Theorem 15. 21 
so (f/G, {si}) is a core family of curves. 

□ 

5.2. Shrinking open subsets of Ai st . 

Lemma 5.10. Suppose that the map 7W(B) — > Bo is proper when Ai is restricted 
to any connected component of M st (H). 

If f/G is a core family for the open substack O of A4 st (B) , and f is a holomor- 
phic curve in f , there exists a continuous function p : O — > M so that p(f) = 1, 
and so that any holomorphic curve in the closure of the set where p > is contained 
in O. 

Proof: 

The proof of this lemma is long, but roughly speaking, it is true because weak 
convergence of holomorphic curves to /, which may be detected by continuous 
functions on O may be strengthened to imply G°°— convergence. 

Choose a metric on T vert B. Recall that Definition 15.11 tells us that given any 
family of curves h £ 0, there is a canonical map 

C (h) C(/)/G 
F(h) F(/)/G 

and a canonical section %j)- h of (/ o $^)*T t)er iB so that h is / o $r followed by 
exponentiation of ip^ . 

Choose a G-invariant C°°'- function ro : F(/) — > [0, oo) so that any sequence of 
points in F(/) for which ro converges to converge to / £ F(/) or some G translate 
of /. For any family of curves h in O define 



r : F(h) — ► [0, oo) 
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as 

r(h) := sup |^| + r o <j> h 

C(h)cC(h) 

For each family h in O, r : F(h) — > [0, oo) is continous. Given any map g — > h, 
the map C(g) — > C(/i) pulls back (f)~ h to 4> g , and ip~ h to ip g . It follows that r is 
compatible with maps between families in O and defines a continuous function 

r:0 — ► [0,oo) 

Claim 5.11. There exists an e > so that any holomorphic curve in the closure 
within Ai st of the set where r < e must be contained in O. 

To prove Claim 15.111 suppose to the contrary that there exists a sequence of 
holomorphic curves {hi} not in O so that for all e, {hi} is eventually contained in 
the closure of the set where r < e. It follows that the image of hi in Bo converges, 
and {hi} is eventually contained in a connected component of A4 sf . Our assumption 
on the properness of the map A4 — > Bo then implies that some subsequence of 
{hi} converges in C 100 '- to a stable holomorphic curve h. 

As O is open, our holomorphic curve h must not be in O. On the other hand, 
for all e, h is in the closure of the subset of O where r < e. We shall achieve a 
contradiction by showing that this implies that h and / have the same smooth part, 
which implies that h is actually in O. This contradiction will take over two pages 
to achieve, so be patient. 

There is a sequence of curves {/<} in O which converge in C°°'- to h, and so 
that r{fi) converges to 0. Lemma 12771 implies that by passing to a subsequence, we 
may assume that /j converge to h within some C°°'- family h containing h. 

As roo^f. converges to 0, the images of C(/j) in C(/)/G converge to C(/). By 
a judicious choice of resolution of the G-fold ambiguity of the map , we may 
obtain inclusions C(/i) — > C(/) converging to C(/) which we shall again call 
<&/ 4 . Choose a metric on both C(h) and C(/). Consider the map $/ 4 as mapping 
C(/i) C C(h) to C(fi) C C(/). We can use our metrics on C(h) and C(/) to 
measure the derivative of $/ ; . 

Claim 5.12. The derivatives of<&f i and &J 1 are uniformly bounded for alii. 

The proof of Claim [5.121 is a standard bubbling argument. Suppose that there 
was not a uniform derivative bound for <£>/ i . Note that the injectivity radius of 
C(/j) is uniformly bounded below in both C(h) and C(/) because the curves C(/j) 
converge to C(h) and C(/) respectively. Therefore, there must be a sequence of 
injective, holomorphic maps Xi from the complex disk of size 3Ri to X so that 

• Ri — > 00 

• the derivative at of ^>f i o Xi has size equal to 1 , 

• the diameter of the image of Xi converges to 

If there is a point inside the disk of radius Ri at which the derivative of o Xi 
has size greater than 2, we may recenter Xi at this point and rescale to obtain a 
replacement map obeying the above conditions. If the resulting rescaled map has a 
point in the disk of radius Ri with derivative greater than 2, repeat this procedure 
until the resulting rescaled map x\ has the derivative of $/ 4 o x[ bounded by 2 
within the disk of radius Ri. (This process must terminate because the derivative 
of o Xi is bounded within the closed disk of radius 2Ri.) 

As these maps f are holomorphic, the uniform bound on their derivative on 
the disk of radius Ri implies uniform bounds on their higher derivatives on the disk 
of radius R i — 1 . The Arzela- Ascoli theorem and the fact that the images of o x\ 
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converge to C (/) implies that the sequence of maps 4> f i ox[ must have a subsequence 
which converges on compact subsets to a holomorphic map / : C — > C(f) C C(/). 
As the derivative of $/ 4 o x\ has size 1 at 0, / is not constant. Given any family of 
taming forms on C(/), I also has bounded energy because $/.oi| is injective, and 
therefore has a uniform energy bound independent of i. There is also a uniform 
bound on the area of the image of o x\ contained within any disk of radius 1, 
therefore there is a uniform bound on the area of I contained within any disk of 
radius 1. 

Note that as r(/j) converges to 0, the distance between ho x\ and / o $j. o x • 
converges to 0. As the diameter the image of Xi converges to 0, the diameter of 
h o x\ converges to zero. It follows that the image of / o I is a single point. We 
have that I is a nonconstant holomorphic map C — > with bounded energy 

and local area so that / o I is constant. No such map exists because [/] is stable. 
We have achieved the required contradiction which proves that <I> f i has a uniform 
derivative bound independent of i. The argument to prove that QJ 1 has a uniform 

derivative bound is analogous. Simply switch the roles of / and h, and use &J 1 
instead of $^ . This completes the proof of Claim 15.121 

Claim 5.13. By passing to a subsequence of {fi}, we may assume that the following 
holds: There exists a bijective holomorphic map 

L : \C(h)] -> |-C(/)1 

so that given any point a £ |~C(/i)], then b 6 |"C(/)] is equal to L(a) if and only if 
(a, b) satisfies the following property: 

Common limit property: For every sequence of points a, £ C(/j) converging to 
a in \C{h)~\, $/ ; (ai) converges to b in |~C(/)~|. 

As the maps and &J 1 are holomorphic, the uniform bound on their deriva- 
tives implies a uniform bound on their higher derivatives. Choose an exhaustion of 
C(h) minus its edges by compact subsets Xj. The fact that /j converges within h 
to h implies that by passing {fi} to a subsequence, we may assume that there exist 
maps 

Vi : Xi — > C(/i) 

which converge in within |~C(/j)] to the identity inclusion of C(h) minus its 
edges. Then the Arzela-Ascoli theorem implies that some subsequence of o yi 
converges in to a smooth holomorphic map from C(h) minus its edges to 
|~C(/)] C [C(/)]. Define L restricted to C(h) minus its edges to be this map. 
Note that for any a in C(/) minus its edges, (a,L(a)) satisfies the common limit 
property. 

Similarly, by passing to a subsequence of {fi}, we may assume that for any b in 
C(/) minus its edges, there exists a unique point a £ |~C] so that (a, b) satisfies the 
common intersection property. 

If a is a node or puncture of |~C(/i)] , there exists a sequence of points cij G C(/j) 
which converge to a. By passing to a subsequence, we may assume that ^(dj) 
converges to a point b in C(/). Given any e > 0, any small enough neighborhood 
of a will intersect C(/j) for i large enough within an (exploded) annulus which has 
image under \K\ of diameter less that e. Any sequence a, £ C(/j) which converges 
to a must eventually be contained within this neighborhood, and be a distance Ri 
from its boundary where Ri—>oc. Choose e small enough that the stability of [/] 
implies that there are no unstable components of |~C(/)] which have image under 
[/] with diameter as small as e. Then all points b £ C(/) which are the limit of 
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^fi( a i) f° r some sequence etj — > a are contained inside some exploded annulus 
within C(/) with arbitrarily small image under [/], and are an infinite distance 
from the boundaries of this exploded annulus. As [/] is stable, any C* contained 
within C(/) with sufficiently small image under [/] must have image a single point 
in |~C(/)~|. It follows that all such b G C(/) must have the same image in |"C(/)~|. 
In other words, there is unique point b £ |~C(/)] so that (a, b) satisfies the common 
limit property. 

As there are only a finite number of nodes or punctures of [~C(/i)"|, by passing 
to a subsequence we may achieve that for all a € |~C(/i)"|, there exists a unique 
b 6 |~C(/)] so that (a, b) satisfies the common limit property. Define L(a) = b. 
Similarly, we may assume that for all b £ |~C(/)~|, there exists a unique a so that 
(a, b) satisfies the common limit property. It follows that L is a bijection. Clearly, 
L preserves limits, so L is continuous. As we already know that L is holomorphic 
on a dense subset, we have that L is a holomorphic bijection. This completes the 
proof of Claim 15.131 

Note that any holomorphic bijection must send nodes to nodes. The common 
limit property also implies that L sends punctures to punctures because for any 
puncture in [~C(/i)~|, there is a sequence of punctures in |~C(/i)] converging to it. 
The common limit property and the fact that \ipfi \ converges to implies that L is 
compatible with the maps [/] and \h~\ : 

[f]°L=\h] 

Therefore, [/] = \h~] . The convergence of /, to h and / o to / imply that 
the derivative of each edge of / coincides with that of h. Therefore / and h are 
topologically indistinguishable within A4 st , so h must be in any open neighborhood 
of /. This is the desired contradiction which proves Claim [5TTT1 

We now have that there exists some e so that all holomorphic curves in the 
closure of {r > e} are contained in O. To complete the proof of our lemma, all 
we need to do is compose r with a cut off function which is equal to 1 at and 
which vanishes outside of an e-neighborhood of 0. The resulting continuous function 
p : O — > [0, 1] is 1 at / and has the property that any holomorphic curve in the 
closure of {p > 0} is contained in O. This completes the proof of Lemma [5.101 

□ 

6. Locally representing the moduli of stack solutions to df e V 



The goal of this section is to prove Theorem 16.61 which roughly states that for a 
simply generated subsheaf V of y which is transverse to d at a holomorphic curve 
/, the moduli stack of curves close to / with 8 contained in V is locally represented 
by the quotient of a family of curves / by a finite group G of automorphisms. 
Proposition 16 . 1 1 below may be regarded as a way of locally representing the moduli 
stack of holomorphic which are parametrized by the domain of a particular family 
of holomorphic curves. This proposition is then used in Lemma l6.4l to prove that an 
arbitrary simply generated subsheaf V may be parametrized by a family of curves. 
With V written in this special form, the results of [13] may then be used to prove 
Theorem 16.61 

Proposition 6.1. Given any family of holomorphic curves f in B containing a 
given curve f, there exists a C 00 '- family of curves /' in B satisfying the following 
properties: 
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(1) There is an inclusion I : f — > f and map 



C(f') 



F(/') 



-*c(/) 



+ F(/) 



which is a holomorphic isomorphism restricted to fibers so that C(/') is 
isomorphic to a vector bundle over C(/) with projection ip and zero section 

L. 

(2) There exists an open neighborhood O of (id, /) in the moduli stack of C°° - 
curves in C(/) x B, so that given any family h of holomorphic curves in B 
with a map 



C(h) 



F(h) 



-> C(/) 



->F(/) 



which is a holomorphic isomorphism restricted to fibers, so that (ip',h) is 
in O, then there exists a unique map h — > f with the property that it pulls 
ip back to ip' . 



C(h) 



-> B 



C(/)f- 



C(/') 



Suppose that B has a group Gq of automorphisms and there is a group Gq x G 
of automorphisms of C(/) — > F(/) so that f is G-invariant and Go-equivariant. 
Then f may be constructed so that C(f') — > F(/') has a group GqxG of automor- 
phisms, ip and l are Gq x G-equivariant, and f is G-invariant and Go-equivariant. 

Remark 6.2. The intersection of df with should be regarded as representing the 
moduli space of holomorphic curves close to f which are parametrized by C(f) — > 
F(/). In the case when Gq X G is nontrivial, 

{/' e /' so that df = 0}/G x G 

should be regarded as representing the moduli stack of holomorphic curves in B/ Go 
parametrized by C(/)/(Go x G). The point of Provosition \ 6.1\ is that this moduli 
stack is locally represented as a subset of a finite dimensional C°°~ family quotiented 
out by a finite group action. 

Proof: 

We shall prove the equivariant case. Using a Go-invariant, smooth, J preserving 
connection on f*T vert R, we may construct a Go x G-invariant trivialization (F, </>) 
to associate to /. More precisely, the vector bundle f*T vert R has a G x Go action. 
The map F : /*T l , eri B — > B given by exponentiating using our invariant con- 
nection (and reparametrizing in a Go x G-equivariant way to ensure injectivity of 
TF restricted to any vertical tangent space) is G-invariant and Go-equivariant, and 
the vector bundle map <f> : F*T vert T5 — > f*T vert ti defined using parallel transport 
along a straight line homotopy using our connection is Go x G-equivariant. 

Using such a trivialization, 8 : X°°'-(f) — > y{f) is Go x G-equivariant. 
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Given any family of curves h in B with a map 



C(h) C(/) 



F(h) > F(/) 



which is a holomorphic isomorphism restricted to fibers, so long as / o ip' is close 
enough to h, the trivialization associated with / allows us to uniquely factor h as 
F composed with a map 

(6) v h : C(h) — > f*T vert B 

so that the following diagram commutes. 



h 




Choose some Go x G-invariant collection of marked point sections {si} of C(/) — > 
F(/) so that Dd restricted to sections of f*T vert 'B which vanish at these extra 
marked points is injective. The vector bundle 



®i(si o f)*T vert B 
F(/) 



has a natural Go x G action. Construct a family of curves /q with domain given 
by the following pullback 



-> c(/) 



(7) 



C(/ ) 



o f)*T vert B ► F(/) 



Note that C(/q) has a natural Go x G action so that the above diagram is Go x G- 
equivariant. We may pullback the sections Sj to give a Go x G-invariant collection 
of sections {s'J of C(^) — > F(/ ). 



C(/ ) 



+ C(f) 



i( s i ° /)*^wertB 



-* F(/) 
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Construct /g so that /q factors as a Go x G-equi variant map v to f*T vert B 
followed by F, so that the 5 inner loops in the following diagram commute, 

fo 

C(/ ) 
F(/J) 



and so that if C(/q) is considered as a vector bundle over C(f), v is a map of vector 
bundles, and 

^ o s- : e(s l o f)*T vert B — > (si o f)*T vert B 
is projection onto the ith factor. 

Evaluating the section vt from equation ([5]) at the image of each section Si 

C(h) — ► F(fc) C(A) ^> (* o /)*T flort B 

defines a map 

C(&) — >■ o f)*T vert B 
so that the following diagram commutes: 

C(h) ^ > C(f) 

® l (s l o f)*T vert B >■ F(/) 

As C(/q) is defined by the pullback diagram ([7]) there is an induced map 

C(h) ^ > C(/ ) 

F(h) > ®i( Si o f)*T vert B 

which is a holomorphic isomorphism on each fiber because ip 1 factorizes as ip" 
composed with the map C(f') — > C(/) which is a holomorphic isomorphism on 
each fiber. Roughly speaking, this lift of ip' is determined by the condition that h 
agrees with /' o ip" when restricted to the pullback under ip' of the sections s,. 

We may now pullback our constructed trivialization or construct another triv- 
ialization using the same connection to give a (Go x G)-invariant trivialization to 
associate to our new family f' a . Again, call this trivialization (F,<f>). As before we 
may use this trivialization to factorize h as follows: 



h 
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where 1/ is uniquely determined by the conditions that it must vanish on the image 
of the sections Si, the above diagram commutes, and h = F o iA . 

At / £ fo, Dd is injective restricted to sections of f*T vert R which vanish on 
marked points corresponding to the sections Sj. Theorem 13.81 implies that we 
may choose a Go X G-invariant, finite dimensional sub vectorbundle V of 3^(/o) 
so that the pre-obstruction model (/q, V) has Dd : X°°'-(f) — > y(f) transverse 
to V(f). We may then apply Theorem 13.61 to {f Q , V) to obtain a unique section v 
of (f )*T vert 'B defined near / and vanishing on the image of all s\ so that dv is a 
section of V. 

Claim 6.3. There exists a neighborhood O of (id, /) in M st (C(f) x B)) so that if 
h is in O, then v'~ is the pullback of v under the following diagram: 



C(h) — ^ (ti)*T vert K — ^ B 



To prove Claim 16 . 31 we may choose any neighborhood O' of (id, /) so that 
the construction of v'~ makes sense for all h in this neighborhood, then let O' be 



O minus all holomorphic curves h which do not satisfy Claim 16.31 or for which 
Dd : X°°±(h) — > y(h) is not transverse to V(h). 

We need only verify that O is open. Suppose to the contrary that there was 
a sequence of holomorphic curves in O' \ O which converged to a holomorphic 
curve h in O. Lemma 12.71 implies that some subsequence hi must be contained 
in a family h in O' so that hi converges to h within h. We may pull back our 
obstruction model to give an obstruction model on h. Then Theorem 13.61 implies 
that Dd : X°°'-(hi) — > y{hi) is transverse to V(h) for i large enough, and that 
there exists a unique section vq in X 00 '-^" o / ) denned on a neighborhood of h 
which is close to v'~, and for which dF(i/o) S V. As voif>" satisfies these conditions, 

Vq = v o ip 

As = d(hi), the uniqueness part of Theorem 13.61 implies that uq also coincides 
with ;/ when restricted to hi for i large enough. Therefore, hi must actually be 
inside O for i large enough. This contradiction completes the proof of Claim 16.31 



Claim 16751 implies that for h in O, 

h = F{v) o ip" 

Letting /' := F(v), our map ip" therefore gives us the required unique map h — > f 
so that the following diagram commutes 




Because the map 8 : X°°--(f' Q ) — > |V(/q) is defined using our Go x G-invariant 
trivialization, it is Go x G-equivariant and V is Go x G-invariant, the unique solution 
v to dv € V must also be Go x G-equivariant. As the map F from our trivialization 
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is Go-cquivariant and G-invariant, our family /' is Go-equivariant and G-invariant 
as required. 

□ 

We wish to study the moduli stack of solutions to df € V(f) where V is a simply 
generated subsheaf of y in the sense of Definition ^. 201 The next lemma shows that 
any such V may locally be parametrized by a family of curves fi/G which may be 
regarded as a vector bundle over a core family fo/G. We shall use this result to 
apply the analysis from [13) . 

Lemma 6.4. If V is a n- dimensional simply generated subsheaf of y defined on a 
neighborhood of a holomorphic curve f with at least one smooth component, then 
there exists a neighborhood O of f in A4 st , a core family (fo/G, {si}) for O and a 
G-invariant family of curves, f\ in O together with a fiberwise holomorphic map 



o +1 > C(A)/G 

O > nh)/G 



so that 

(1) There exists locally free, n- dimensional, G-invariant, sheaf V\ o/G°°— (F(/i))- 
modules on F(/i) which is a subsheaf of T^ ' 1 ' (T* ert G(fi) ® T„ ert B) and 
which pulls back to give V on O. (See Definition \2.19\ for the definition of 
V\ pulling back to give V .) 

(2) /o is a G-invariant sub family of f\, and there is a G-equivariant projection 

h — ► fo 

which is the identity on fo so that C(/i) is isomorphic to a vector bundle 
over C(/o) with the given projection and zero section, and so that the core 
family map to C(/o)/G factorizes as 



0+ 1 ► C(A)/G > C(/ )/G 



O > P(/i)/G > F(/ )/G 



(3) For t £ [0, 1], ((1 — t)Dd + tDd c ) does not contain any nonzero 

sections of /*T„ ert B which vanish at the image of the marked point sections 

{Si}- 

Proof: 

Proposition 15.81 implies that there is some C°°'- core family (//Gi,{sj}) con- 
taining /. As indicated by Proposition 15.81 and Theorem 13.81 we may construct / 
with enough marked point sections Sj that ((1 — t)Dd + tDd c )^ 1 (V (f)) contains 
no nonzero sections of f*T vert R which vanish on the images of the Si. 
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From the definition of a core family, there exists an open neighborhood O of / 
with a fiberwise holomorphic map 

0+ 1 > C(f)/G 1 



O 



-> F(/)/Gx 



in the sense of Definition 12 . 51 on page [7] In other words, given any family of curves 
h in 0, there is a Gi-fold cover h! of /i with a Gi-equi variant map 

C(h>) > C(/) 



F(h') 



-^F(/) 



which is fiberwise holomorphic so that given any map g 
commutes and is Gi-equivariant 



h, the following diagram 



fJ 



-> h 



and C(g') — > C(/) factors as 



C{g')- ->C(fc') 



C(/) 



We may choose O small enough that the maps C(h') — > C(/) are fiberwise iso- 
morphisms. 



The definition of a simply generated subshcaf V of y, Definition 12.201 on page 
[T8l implies that if O is small enough, there is also a fiberwise holomorphic map 



+i 



O 



-> A/G 



-^X/Go 



and sections V\, . . . ,v n of F^ ' 1 ' (T* ert A ® T^ ert B) which pull back to generate V. 

In particular, there is a Go-fold cover /' of / with a Go-equivariant, fiberwise 
holomorphic map 

f : C(/') — > A 

Definition 12.51 implies that the action of Gi on / lifts to an action of Gi on C(/') = 
C(f), so that f is Gi-invariant and Go-equivariant. 

Claim 6.5. The group of automorphisms of C(/') generated by Gq and G± is 
GqxGl 



Let G be the group of automorphisms generated by Go and Gi . Definition [ 
implies that the action of Gi on C(f') must commute with the action of Go because 
each element of G\ acts by a Go-equivariant map. Therefore, G must be a subgroup 
of Go x G\. The map /' — > f is Gi-equivariant and Go-invariant, and the action of 
Gi on C(/) is effective. Therefore, there is a surjective homomorphism G — > G\ 
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with Go in the kernel. Therefore, G must be equal to Go X Gi and Claim 16.51 is 
proved. 

The map to our core family / specifies a Gi-fold cover h! of h. The map +1 — > 
A/Go specifies a Go-fold cover h" of h! . We shall now verify that the cover h" — > b! 
may be regarded as the pullback of the Go-fold cover /' — > f. 

The definition of a core family implies that there is a homotopy h' t of the Gi-fold 
cover of the family h to some family h' which maps to / so that the maps 



C(h' t ) 



-+C(/) 



-> F(/) 



do not depend on t. 

The map +1 — > A/Go specifies a Go-fold cover h" of h' t . Restricted to t = 0, 
this Go-fold cover must be the pullback of the Go-fold cover /' of / 



k — > r 



Therefore, the Go-fold cover C(h") of C(h') must correspondingly be the pull- 
back of the Go-fold cover C(/') of C(/). 



C(h") > C(f) 



C(h>) 



To summarize, we now have a Go X Gi-invariant family /', a Go-equivariant, G\- 
invariant, fiberwise holomorphic map f : C(/') — > A, and a fiberwise holomorphic 
map 



+1 > (C(/') x A)/G x G 1 



O 



-> (F(f) x X)/G x Gi 



Use Proposition 16.11 to extend f to a family of curves f' in A with a map ip : 
C(f') — > C(f) and with the property that given any family of curves h close 
enough to /, the map 



i' 



* C(f) = C(f) 



C(/i" 



P(V) > F(/') = C(f) 
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together with the fiberwise holomorphic map ft : C{h") — > A give a unique map 
tpi : f~ h — > r' with the property that it pulls tp back to tp' . 

C(h") rh > A 

(8) 

C(f) C(f') 

Assume we have chosen small enough so that the above holds for any family of 
curves h in O. 

The uniqueness property from Proposition lG.ll together with the observation that 
and f' are Gi-invariant and Go-equivariant, and tp' and ip are Go xGi-equivariant 
implies that this map ipi : C(h") — > C(f') is Go x Gi-equi variant. Similarly, this 
uniqueness property and the fact that tp' and f are fiberwise holomorhpic maps 
from +1 implies that the above defines a fiberwise holomorphic map ip\ : +1 — > 
C(f)/G xGi. 

Let G be Go x G±, fo be /', and the sections {si} of C(/o) — > F(/ ) be the 
pullback of the corresponding sections {si} of C(/) — > F(/). The core family 
(fo/G, {si}) is the core family referred to in the statement of this lemma. Define 
fi to be the family of curves in B with domain the same as f, pulled back from 
/' = fo via the map tp. 




C(/i) = C(f') 



-> C(f) = C(/') = C(/ ) > B 

/ — Jo 



F(/i) 



-> F(/ ) 



Note that as C(/i) := C(f') is constructed using Proposition 16. 11 C(/i) is isomor- 
phic to a vector bundle over C(/o), as required for this lemma. 

We now have a G-invariant family f\ and a fiberwise holomorphic map 

C+i C(A)/G 



-> F(A)/G 



which is a factor in the core family map to C(/o)/G 




> C(/ )/G 



> F(A)/G > F(/ )/G 



The commutative diagram (jHJ implies that our fiberwise holomorphic map ip\ : 
+1 — > C(/i)/G may also be regarded as a factor in the map +1 — > A/Go 
in the following sense: The map C(h") — > C(fi) composed with f gives a Gi- 
invariant, Go-equivariant map : C(h") — > A. Quotienting the domain by the 
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Gi action gives the original map from the Go-fold cover of C(h) to A, so the original 
map to A/Go m ay be thought of as being factorized as follows 



> A/Go 




> F(/ x )/G >• X/G 



We shall now examine how /i may be used to parametrize V. The map 

(f',id) : C(/i) x B — >AxB 

may be used to pull back the sections vi,...,v n of r' 0,1 ) (T* ert A ® T„ ert B) to G\- 
equivaraint sections v[,...,v' n of L^ 0,1 ) (T* ert C(/i) <g) T„ e rtB). Given any family h 
in 0, the map 

tyi.fc") :C(h") — >C(A) xB 

may be used to pull back u 1; . . . , to Gi-equivariant sections , . . . , t>" of y(h"), 
which diagram [5] implies are the same as the sections obtained by pulling back 
V\, . . . , v n under the map 

(f h ,h") : C(h") — >AxB 

As the quotient of ft under the Gi action on h" gives the original map from a Go- 
fold cover of C(h) to A, these sections v'{, . . . , v" of y(h") are linearly independent 
at every curve in h" and generate V(h"). 

In other words, the pullback of v[,. .. ,v' n generate V on O. As the sheaf of 
C°°'-(X) modules over X generated by Vi,...,v n is Go-invariant and the map 
f is Gi-invariant and Go-equivariant, the sheaf of G°°'-(F) modules over F(/i) 
generated by v[, . . . ,v' n is G- invariant. As the pullback of v[, . . . ,v' n to any curve 
in O are linearly independent, restricted to a neighborhood of the image of O in 
F(/i), the sheaf V\ generated by v[, . . . , v' n is free and n dimensional. Therefore, by 
restricting fi to a G- invariant neighborhood of the image of O, v[, . . . , v' n generate 
an n-dimensional G-invariant vector bundle V\ which pulls back to give V on O. 

□ 

Theorem 6.6. If V is a simply generated subsheaf of y so that for some holomor- 
phic curve f , V(f) is transverse to Dd : TfA4 st (B) — > y{f), then there exists an 
open neighborhood O of f and a G°° : - family of curves f with automorphism group 
G so that f /G represents the substack {d C V} C O consisting of curves g in O 
with the property that dg € V(g). 
The map 

7>F(/) — > T f M st (B) 
is infective and has image equal to Dd~ 1 (V(f)) C A4 st (B). 
Proof: 

We shall prove the easy case in which the domain of / is T separately in Lemma 
17.51 For the rest of this proof, assume that the domain of / has at least one smooth 
component, so we may use Lemma 16.41 to construct a core family (/o/G, {si}) for 
an open neighborhood O of / and a G-invariant extension f\ of /o which we can 
use to parametrize V in the sense of Lemma 16.41 

In particular, there is a G-invariant sub bundle Vi of r^ 0,1 ) (r* ert C(ft) ® T„ ert B^ 

so that given any family of curves h in O, there is a G-fold cover h of h and a lift 
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of the G-equivariant map C(h') — > C(/o) to a G-equivariant map 

eft) c(A) 

F(h') > C(A) 

so that the pullback of V\ using ipi is V(h'). 

Consider V\ as a vector bundle over F(fa). Let fa be the family of curves defined 
using the following pullback diagram: 

h 




F(/ 2 ) = Vx > F(A) 

fa may be regarded as the subfamily of fa which corresponds to the zero section 
of the bundle V x — > F{fa). 

There is a G-equivariant tautological section 9 of I^ 0,1 ) \ T* ert C{fa) ® T vert B*j 

9(f,v) :=r*v 

This tautological section has the following property: given any family of curves h 
in O and a section 6t of V(h), the canonical map ipi : C(h') — > C(/i) lifts to a 
canonical G-equivariant map 

C(h') ^ C(fa) 

I i 
F(h') — > C(fa) 

so that the pullback of 9 to y(h') is equal to 9~ h . A particular case of interest is 
when 9f t = dh. 

Recall that fa is defined by pulling back fa and fa is defined by pulling back 
fa. Therefore the sections {s^ of C(/o) — > F(/ ) pull back to sections {s-} of 
C(/2) — > F(/ 2 ). As the set of sections {si} is G-invariant and the maps fa — > 
fa — > fa are G-equivariant, the set of sections {s-} is G-invariant. 

Choose a G-invariant trivialization (F, $) to associate to fa, and use this trivi- 
alization and 9 to define a simple perturbation of d 

8' : x°°'±(/ 2 ) — > y(/ 2 ) 

d'{v) :=dv-${(iA,F{v))*d) 

as in Example 13.51 Note that 3' is a G-equivariant map. 

Recall from Lemma 15^1 that we can choose (fa/G, {si}) so that Dd is injective 
when restricted to sections of /*T lJert B which vanish at the image of {si}. As 
9 vanishes on C(/) C C(fa), Dd' is also injective when restricted to sections of 
/*T 1 , ert B which vanish at the image of {fii}. The space X°°'-(f) is the space of these 
sections which vanish on the image of {si}. We may therefore choose a G-invariant 
obstruction bundle V" 2 over fa so that 

Dd' : — > 
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has image complementary to V 2 - Note that V% need not have anything to do with 
V. 

Apply Theorem l3.6l to (j 2 , V2) to obtain a unique section v in X co '-(f 2 ) defined 
in a neighborhood of / in f 2 so that d'v is a section of V%. The uniqueness part of 
Theorem 13.61 and the fact that d' is G-equi variant imply that v is G-equi variant. 

Claim 6.7. d'v is transverse to the 0-section 0/V2 at the curve f in f 2 . 

To prove Claim |6"771 above, we shall need to use the condition that 

Dd : T f M st (B) — > y(f) 

is transverse to V. This transversality and Lemma 12.121 imply that given any 
element vq of V2(f), there exists a family h parametrized by R containing / at 0, 
and a section 9 h of V(h) so that the derivative at of dh — 9~ h is vq. Recall that the 
tautological section 9 of I^ 0,1 ) (T* ert C(f 2 ) ® T„ ert B) is defined so that there exists 
a canonical lift of the G-equivariant map ifii : C(h') — > C to a map 

V>2 : C(ft') — ► C(/ a ) 

so that 

^0 = 9 h 

(or more accurately, ^2^ is equal to the lift of 9~ h to C(ft')). We may then ex- 
press ft' using the trivialization (F, $) associated to /2, so there is a section i/f, of 
^2/2 ^vertfi so that ft,' = F(^2, v h')- The map ^2 is constructed so that 

In particular, 9V^, is zero at and has first derivative equal to vq. Theorem 13.61 
implies that there is a unique section vl t of ^>% f^T vsr ^ so that d'vi, £ V2, and 
Corollary 13 . 71 implies that that v'*, and v~ h , are equal to first order at 0. It follows 
that the derivative at of d'v'y is equal to no. The uniqueness part of Theorem 
13.61 implies that v 1 ,, — ^v, so vq must be in the image of the derivative of d'v at 

the curve / in / 2 . As this argument holds for any in V^if), it follows that d'v is 
transverse to at / = 0, and the proof of Claim |6~T1 is complete. 

Note that given any family of curves h in O so that dh is a section of V(h), 
we have a canonical G-fold cover h of h and map ^2 : C(ft') — >• C(/ 2 ) so that 
■02^ = 9ft'. We may choose O small enough so that everywhere in the image of ip2 
restricted to families of curves in O with d contained in V, 

• v is defined, 

• d'v is transverse to 0, 

• and Dd' is transverse to V2 at v. 

Then the uniqueness property of Theorem 13.61 implies that on an open subset of 
ft', ft' = F(v) o ip 2 - The open subset of ft' satisfying this last property includes any 
curve in ft' isomorphic to /. Lemma 12.81 implies that if we removed all curves not 
satisfying this property from O, we would be left with an open substack, therefore, 
we may reduce the size of O so that if ft is any family of curves in O with dh in V, 
then 

ft' = F(v) o i/} 2 

As i\) 2 9 — dh ', and 8' = d — 9, ip2 must have image contained in the subset of C(f 2 ) 
where 8'v = 0. 
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Let fs be the subfamily of F(y) given by the intersection of d'v with and 
restricted O. The uniqueness property of v implies that fs is a G-invariant family 
of curves. So far, we have that given any family h in O so that dh is a section 
of V(h), there exists a G-fold cover h! of h and a unique map h! — > fs with the 
property that ipi factorizes as 

( 9 ) c(h') > c(/ 3 ) < — > c(/ 2 ) — c(A) 




This uniqueness implies that given any map g — > h, the map g' — > fs factorizes 
as g' — > hi — > fs, so we have a map of the substack {3 c V} c O to fs/G. 
The map O — > C(/i)/G applied to A gives a G-fold cover /g of fs and a map 

^ : C(/£) — > C(A) 

For small enough, we may assume that /g consists of G copies of fs, so tpi above 
consists of |G| maps C(fs) — > C(fi). Both fs and A have a canonical inclusion of 
the curve /. The fact from Lemma lo\4l that the core family map to C(/o) factorizes 
through the above map implies that exactly one of these maps C(/ 3 ) — > 
must be the identity on C(/). There is therefore a canonical lift 

i-h^fs 

and a canonical map 

:= o I : C(f 3 ) — >• C(A) 

so that "05. i s identity on C(/). 

Arguing as in the proof of Claim 16.51 gives that there is an action of G x G on 
/g so that ipx is invariant under the first factor and equivariant under the second 
factor, and /g — > fs is equivariant under the first factor and invariant under the 
second factor. The lift I : fs — > fs is G-equivariant when the diagonal action of G 
is used on /', so the map is G-equivariant. 

The map ip^ has the following important property: Given any family of curves 
h in O with dh a section of V(h), the G-fold cover h! of h which maps to fs is the 
same as the G-fold cover h! of h with a map tpi : C(h') — > C(A), and this map 
factorizes as 

(10) C(h') > C(/g) -^U c(A) 




The two factorizations of tpi : C(h') — > C(A) from the diagrams © and (flu]) 
imply that the map h! — > fs has image in the subset of C(fs) where r and ip'i 
coincide. Recall from Lemma [6.41 that tpi followed by the projection C(A) — > 
C(/o) is the core family map to /q. The map r followed by projection to C(/o) and 
quotiented by G is also the core family map from C(/2) — > C(/o)/G. This core 
family map is the same for f 2 and F(u), so the restriction of r to C(/ 3 ) followed 
by a quotient by G is also the core family map to C(/ )/G As both r and tp[ are 
the identity on the canonical inclusion of / in fs, the step of taking a quotient by 
G is not necessary, and the following diagram commutes: 
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c(/ 3 ) c(A) 

r 

C(/i) > C(/ ) 



Claim 6.8. At the curve f in f%, the map 

(r,^):C(/ 3 )^C(A)x c(/o) C(A) 

is transverse to the diagonal section o/C(/i) Xq/1 \ C(/i) — > C(/o). 

To prove Claim 16.81 recall that there is an inclusion of f\ into A on which the 
tautological section 9 is 0. The inverse image <7 of / under the map /i — > fo is 
holomorphic. Therefore, v is on the image of g in /2, so there is an inclusion 
g — > C /a lifting the inclusion g — >• /j. As every curve in g is isomorphic to 
/, ip[ restricted to C(g) is constant. On the other hand, r restricted to C(g) is 
an isomorphism onto the fiber of C(/i) — > C(/o) over C(/), therefore (r t ip') is 
transverse to the diagonal at / as required. 

By restricting to a possibly smaller neighborhood O of /, Claim |6~81 implies 
that we may assume that the intersection of (r, ip^ ) is transverse to the diagonal. 
Let / be the restriction of to the inverse image of the diagonal under (r, As 
the diagonal and (r, ip^) are G-equi variant, / is a G- invariant family. 

As noted above, the map from {3 C V} C O to fs/G has image in the subset 
where r and ip[ coincide, so we have a map ip from {d C V} C O to //G. To prove 
that f/G represents this moduli stack of curves with 3 in V, we must verify the 
following: 

Claim 6.9. The map ip applied to f is the quotient map f — > f/G. 

As noted above in equation ([9]), this map ip on the moduli stack is constructed 
so that it is given as a unique lift of the map to C(/i)/G. Applied to /, we get a 
G-fold cover it : f — > f with and an equivariant pullback diagram 

/' f 

7T 

/ > f/G 

To prove claim 16.91 we must verify that the bottom arrow in the above diagram is 
the quotient map / — > f/G. We shall achieve this by constructing an equivariant 
lift I' : f — > f so that both 7r o V and ip o V are the identity, implying that the 
bottom and righthand arrows in the above diagram are equal. 

The defining property of ip is that it is the unique map ip : /' — > f with the 
property that ip\ : C(f') — > C(/i) factorizes as 

c(/') c(f) c(A) 
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On the other hand, as r coincides with tp[ on /, tp\ factorizes as 

c(/') -*-> c(/) c(A) 



The fact that tpi comes from a map of stacks and / is a sub family of fa implies 
that following equivariant diagram commutes 




^ c(A) 



c(/') 



C(/) 



As with /g , there is a G x G action on /' so that tt : f — > f is equivariant with 
respect to the first factor, and invariant with respect to the second factor, and tp is 
invariant with respect to the first factor and equivariant with respect to the second 
factor. 

The canonical lift I : fa — > which pulls back tpi to ip'i coincides with a 
canonical lift I' : / — > /' so that the following diagram commutes 



C(f') ► c(h) C(f\) 

I' 

c(/) ■ > C(f 3) 

In particular, this implies that on the image of V , n factorizes ip\ 





Therefore, on the image of V ', 7r must coincide with ip, as this factorization is the 
defining property of tp : /' — > f . Of course, irol' is the identity, so ipol' : C(f) — > 
C(/) is the identity too. Note that tp is determined by this and the condition that 
is is invariant with respect to the first G action and equivariant with respect to 
the second G action. It follows that tp applied to / must be the quotient map 
/ — > f /G. This completes the proof of Claim 16.91 and proof that f/G represents 
the moduli stack {B dV} C O. 

To complete the proof of our theorem, we still need to verify that the tangent 
space of F(/) at / is equal to Dd^iVif)). 

The following claim allows us to think of C(/) as embedded in both C(/i) and 
C(/ ). It implies that any G-invariant section of V(f) may be extended to a global 
section of V defined on a neighborhood of / in M. st , and similarly any G-invariant, 
G°°'J- function of F(/) may be extended to a G-invariant, C 00 '- function defined on 
a neighborhood of / in A4 st . 

Claim 6.10. The maps 

tP[ : C(/) — > C(A) 



66 



BRETT PARKER 



and 

c(f) ^ c(A) — > c(/ ) 

are embeddings in a neighborhood of f . 

To prove Claim l6~T0l note that F(/s) — > P(/a) is an embedding, locally defined 
by transverse vanishing of some C°°'- functions. (This was proved in Claim HTTP 
F(/) C F(fs) is defined as the subset where r and ip' agree. These maps are proved 
to be transverse in Claim As required by Lemma IBT^l part El C(/i) — > C(/o) 
is isomorphic to a vector bundle. The maps r and tp' agree after composition with 
the map C(/i) — > C(fo), therefore F(/) C F(/a) is also an embedding locally 
defined by the transverse vanishing of some C°°'- functions. 

As F(/a) is isomorphic to a vector bundle over F(/i) which is isomorphic to 
a vector bundle over F(/o), to finish Claim RTTUl it now suffices to prove that the 
derivative of the map F(/) — > F(/o) is injective at /. Let v be a vector in TfF(f) 
which is sent to in T/F(/ ). As this map F(/) — > F(/ ) corresponds to the map 
from /o being a core family, it follows that v must be equal to a section of /*T t , ert B 
vanishing on the extra marked points in the definition of the core family /o. Lemma 
I6.4I part 151 specifies that Dd~ 1 V(f) does not contain any nonzero such vector, but 
Dd(v) must be in V(f) because df is a section of V(f). It follows that the image of 
v in TfM st is 0. In particular, Dd(v) — 0, therefore v is tangent to F(/i) C F(/ 2 ). 
The projection of T/F(/2) onto T/F(/i) comes from the map r, which coincides on 
TfF(f) C TfF(f2) with the map coming from As if)[ comes from a fiberwise 
holomorphic map of a neighborhood of / in A4 st , Lemma [2.131 implies that map 
T f F(f) — > T/F(/i) factors through T f M st , therefore the image of v in T f F{f 1 ) 
must be zero. As we have already established that v is tangent to T/F(/i), it 
follows that v is the zero vector in T/F(/) and the map TfF(f) — > T/F(/ ) is 
injective. 

It follows that on some neighborhood of / in F(/), the map F(/) — > F(/o) is 
an embedding, locally equal to the transverse vanishing of some C°°'- functions. 
As F(/i) — > F(/o) is isomorphic to a vector bundle, the same holds for the map 
F(/) — > F(/i). This completes the proof of Claim HHUl 

To complete the proof of Theorem 16.61 it remains to prove the following 
Claim 6.11. The map 

T f F(f) — ► T f M st (B) 
corresponding to the derivative of f at f is injective, and has image equal to 

Dd-\V(f)) C T f M st (B) 

To prove Claim 16.111 note that Claim 16.101 gives that the map TfF(f) — ► 
TfF(fo) is injective. As this map comes from the map to the core family /o, 
Lemma [2.131 implies that it factors through TfM st , therefore TfF(f) injects into 
T f M st . 

So far, we have seen that TfF(f) — ► TfM st is injective. Obviously, TjF(f) 
has image contained inside Dd~ 1 (V(f)), so it remains to show that the image of 
TfF(f) contains Dd- 1 {V{f)). Given any vector v in Lemma l2~T2l 

implies that there exists a family h of curves in O parametrized by R so that 
/ is the curve over and the derivative of h at is equal to v. There exists 
a section 9% of V(h) so that dh — 9^ is tangent to the zero section at 0. Then 
there exists a map ip' 2 : C(h) — > Cih) and a section v~ h of (/ 2 o ■0 2 )*T l , ert B 
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which vanishes on the inverse image of the marked point sections {s.;} so that 
h = F{vt) and d'ft is tangent to the zero section at 0. Theorem 13.61 then implies 
that close to 0, there exists a section v'~ for which &v'~ = 0, and Corollary 13.71 
implies that v'~ is tangent to v~ h at 0. The uniqueness part of Theorem 13.61 implies 

that v', = {ip2)*v : so h is tangent at to the family fa at /. This proves that the 
image of 2>F(/ 3 ) — > T f M st contains Dd^iVif)), so the image of T f F(f) also 
contains Dd^iVif)), and T/F(/) is equal to Dd^iVif)). 
This completes the proof of Claim 16.111 and Theorem 16.61 

□ 

7. Construction of an embedded Kuranishi structure 

Throughout this section, we shall be assuming that the map Ai — > Bo is proper 
when restricted to any connected component of Ai st . This compactness property 
for the moduli stack of holomorphic curves is proved for many targets B in [TTj . 
We need this assumption in order to use Lemma 15.101 and in order construct our 
Kuranishi charts to give a locally finite cover of Ai. 

Lemma 7.1. Let O be an open neighborhood of a holomorphic curve f G M. st with 
a C°°'- submersion 

$ : O — > X 

to an exploded manifold or exploded orbifold X. Then there exists an open neigh- 
borhood U of f G Ai st and on U a simply generated complex subsheaf V of y so 
that 

(1) V is strongly transverse to d at all holomorphic curves in IA, 

(2) At any holomorphic curve f in U, Dd restricted to the kernel ofTfi<& is 
strongly transverse to V{f), so for any t G [0, 1] 

I>$ (((1 - t)Dd + tDFy^w'))) = r Hn x 

Suppose further that there are a finite number open subsets Ui of M. st on which 
are defined simply generated subsheaves Vi ofy, and for eachlAi, there is a chosen 
substack Ci of A4 C\Lii for each i, so that Ci is a closed substack of A4 st . Then V 
may be modified so that in addition to the above conditions, for any holomorphic 
curve f in Ci C\U, the intersection ofVi(f') and V(f') is 0. 

Proof: 

If / has domain T, this lemma follows from Lemma 17.51 and the observations 
that precede it on page [72] We shall therefore assume that the domain of / is not 
T. 

Proposition [575] gives that there exists an open neighborhood U of / in A4 st and 
a core family //G for U containing /. Theorem l3.8l from page [231 implies that there 
exists a finite dimensional subspace of y(f) which is strongly transverse to 3 in the 
sense of Definition 12.221 on page [TS] As the codimension of kerX/$ C TfA4 st is 
finite, we may also construct our finite dimensional subspace of y(f) to be strongly 
transverse to Dd restricted to ker T/$. We may assume that G preserves [/] within 
[/]. As y(f) only depends on the smooth part of /, the action of G on [/] gives 
an action of G on y(f). As this action of G on y(f) is complex, we may choose a 
finite dimensional, complex, G-invariant subspace V(f) of y(f) which is strongly 
transverse to 8 and transverse to D<9(kerT/<I>). 

There exists a complex basis {^i(/), • • • , «„(/)} for V(f) so that the action of 
g G G in this basis is given by a n x n complex matrix A g . 
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As the inclusion C(/) — > is an isomorphism onto a fiber of C(/), there 

exist sections v' t of rt ' 1 ) (T; ert C(/)®i; ert B) considered as a sheaf of G°°'±(F(/), C) 
modules so that the pullback of v[ to y(f) is Vi(f). (This pullback is interpreted 
as in Definition 12.191 ) If v' indicates the vector with components v' it then define 

v := ^2 A g 1 9*v' 

Note that 

g * v = A g v 

so the the sheaf of C°°'-(F(/), C) modules generated by the components of v is G- 
invariant. Restricted to C(/), g * v' — A g v', so the pullback of the ith component 
of v to y(f) is equal to \G\vi(f). It follows that the complex subsheaf V of y 
which is generated by the pullback of this sheaf of C°°'-(F(f), C) modules is equal 
to V(f) at /, and is simply generated on some neighborhood U of / in the sense of 
Definition ^TM 

We have chosen V so that V(f) is strongly transverse to Dd restricted to 
(kerTj$). In particular, as 7/$ is surjective, this is equivalent to requiring that 
V(f) is strongly transverse to Dd, and that 

2>$(((1 - t)Dd + i£>9 c )"V(/)) = T* (/) X 

Theorem 16.61 states that if U is small enough the moduli stack of curves h in 
hi so that dh is a section of V(h) is represented by the quotient of some family 
/' of curves by an automorphism group G' . Theorem 13.61 then implies that at all 
holomorphic curves in a neighborhood of / in /', V is strongly transverse to Dd. 
Lemma 18761 on page [78] states that in a neighborhood of / in /' there exists a family 
of sub vector bundles K t of Ts, M. st \.^ which restrict to holomorphic curves /' to be 

K t (f') = ((l-t)Dd + tDd c r 1 V(f) 

We have that X/$ is surjective restricted to K t (f), therefore the same holds for a 
neighborhood of /. It follows that so long as we have chosen /' and U small enough, 
at any holomorphic curve /' in U and therefore in /', Dd restricted to kcrT//$ is 
strongly transverse to V. 

It remains to prove that V may be modified so that for any holomorphic curve 
h in Ci, V(h) fl Vi(h) — 0. For applications of this lemma, it is important that 
the domain U of definition of this modified V does not depend on Ui and Vi. 
Choose our U so that Ai intersected with the closure, U, of 14, is compact, and so 
that that V is still defined and satisfies the required transversality conditions on 
a larger neighborhood Li' so that W is an open neighborhood of U fl M . (Lemma 
15.101 implies that such a reduction of the size of U is possible.) We shall use the 
convention that f/G is the core family for this larger U' 

Recall that V is pulled back from a G-invariant complex subsheaf of T^- ' 1 } (T* ert C(f)<g> 
T ver fB). This subsheaf is considered as a sheaf of C°°'-(F(f), C) modules, but there 
is also an action of C* 00 ' i (C(/) x B,C) by multiplication on r^^T^C^/) ® 
T ver i&). Multiplication by any G-invariant, C* valued, function m on C(/) x B 
sends V to some other complex, simply generated subsheaf mV of y. 

Consider a family m t of such G-invariant C* valued functions on C(/) x B 
parametrized by R so that mo = 1. Then we may consider (/ x R, G) to be a core 
family for U' X R in A4 st (B x R), and mtV is a simply generated complex subsheaf 
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of y on W x R. As proved above, if m t V satisfies the required transversality condi- 
tions at any holomorphic curve h, it satisfies these transversality conditions at all 
holomorphic curves in a neighborhood of h. As the required transversality condi- 
tions hold for all holomorphic curves in U' , and A4 C\U is compact and contained in 
14', it follows that for some neighborhood O of in K, the required transversality 
conditions hold for all holomorphic curves in IA x O. 

Let h be a holomorphic curve in U D M.. Given any nonzero v £ V(h), as the 
map C(h) — > C(f)/G is an immersion, there exists some G-invariant function m v 
on C(/) x B so that if h £ Ui, then 

m v v <£ V(h) © Vi(h) 

It follows that for all curves h! and v' £ V(h') within a neighborhood of (h, v) in 

m v v' £ V{h')®iVi{h') 
The compactness of Ci Pi U and the fact that V is finitely generated then imply 
that there exists some m so that for all holomorphic curves h £ Ci, and nonzero 
v £ V(h), 

mv £ V(h)®Vi{h) 

Then for t > small enough, 

e tm v £ ®Vi{h) 

so e tm V(h) n ©Vi(/i) = for all h £ MC\U. As our transversality conditions 
also hold for t small enough, it follows that e tm V is a modification of V with the 
required properties for any t > small enough. 

□ 

We are now ready to prove the existence of embedded Kuranishi structures de- 
fined in Definition 12.291 on page 

Theorem 7.2. Suppose that the map M — > Bo is proper when restricted to any 
connected component of M. st . Then there exists an embedded Kuranishi structure 
on M. 

Given any submersion $ : A4 st — > X where X is an exploded manifold or 
orbifold, all Kuranishi charts can be chosen to be Q-submersive in the sense of 
Definition \2.25\ 

This embedded Kuranishi structure may be chosen to include any countable, 
locally finite, compatible collection of extendible, <fr-submersive Kuranishi charts 
{(Ui,Vi, fi/Gi)} satisfying the above submersion condition. 

Proof: 

We are given a locally finite, countable collection {(Ui, Vt, fi/Gi)} of extendible, 
$-submersive Kuranishi charts. We shall assume that these charts are indexed by 
negative integers k, leaving positive integers free for constructing the rest of our 
Kuranishi charts. As specified in definitions 12.271 and 12.281 there are extensions 

(ul,V k ,fl/G k ) 

of (Uk,Vk, fk/Gk) so that each pair of these extended Kuranishi charts are com- 
patible, and {ul} is a locally finite collection of substacks of A4 st . In particular, as 
specified by Definition 12.281 each holomorphic curve / has a neighborhood which 
intersects only finitely many uf . Definition 12.271 gives that there is a continuous 
function p k : U\ — > (0, 1] so that Uk = {pk > 0.5} C u\ and for any t > 0, any 
holomorphic curve in the closure in M st of {pk > t} is contained in {pk > t} C 
We shall use the restriction of {fA\, 14, fl/Gk) to {pk > 0.4} instead of our original 
extension. 
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For any holomorphic curve /, we have that there exists a neighborhood of / 
which intersects only finitely many and which does not intersect {pk > 0.1} if 
/ is not in U\. . 

Lemma 17.11 and Lemma 15.101 imply that each holomorphic curve / has a neigh- 
borhood O with a continuous function p : O — > [0, 1] so that 

• all holomorphic curves in the closure of {p > 0} are contained in O, 

• pU) = i= 

• O satisfies the conditions of Lemma 17.11 

• O intersects only finitely many and intersects {pt > 0.1} only if / is in 

ul 

Our assumption that A4 — > Bo is proper restricted to each connected component 
of A4 st implies that these (O, p) may be chosen so that there is a countable collection 
{(Oi,pi)} of them indexed by natural numbers so that the sets {pi > 0.5} C G% 
cover M. , and each Oi intersects only finitely many Oj . 

For each i 6 N in turn, the second part of Lemma |7 . 1 1 implies that on Oi, we may 
choose a simply generated complex subsheaf Vi of y satisfying the transversality 
conditions of Lemma 17. II so that given any holomorphic curve / in Oi, any Vk(f) 
for which pk > 0.1 and the Vj(f) so that < j < i and pj > 0.1 are linearly 
independent in the sense that T4(/) (Bj Vj(f) C y{f) has dimension equal to the 
sum of the dimensions of the individual Vj(f) and Vk(f). 

For any set A of negative integers, and nonempty I CN, define the sheaf 

V A ,i := OkeAVk © lG / V 

on Cik^A^t <~^iei Ci- Because the 14 are subsheaves of each other, the maximum 
dimension which Va i can be is 



dim Vat = max dim Vk + > dim Vi 

k£A ^ 

iei 

Lemma 12.81 implies that the substack on which the dimension of Vaj is maximal 
is open. Let Oaj denote this open substack. As noted above, Oa,i is an open 
neighborhood of the holomorphic curves for which pj > 0.1 for j G A U /. 

As we want to define compatible Kuranishi charts, we must determine where to 
use Vaj carefully. In particular, we shall use Vaj on an open substack 0' AuI C Oaj 
with the following properties: 

(1) If / G 05 and Pj (f) > 0.4, then j eS 

(2) If / G 0' s and Pj is not defined at / or pj < 0.1, then j £ S. 

(3) 0' s intersects 0' s , nontrivially only if S C S' or S' C S 

We need to define 0' s satisfying the above for finite subsets S C Z which contain 
at least one natural number. Let n$ be the number of j 1 so that Pj'(f) > 0.1 for 
some / on which pj > 1 for at least one j £ S. Note that we constructed Oi so 
that ns is finite. Now define 0' AuI to be the interior of the set 

O'a, ,j := < riAui I min I 0.4, min p, I — max I 0.1, max p,/ I I > 0.1 > C Oa i 

I V V JeiuA rj J \ j'tiuA rj JJ J 

In the above, we set pj to be where it is not yet defined. As the pj do not 
necessarily extend to be continuous functions on A4 st , the above inequality does not 
necessarily define an open substack, and we must take 0' s to be its interior. Each 
of the above required properties of 0' s follows immediately for O'g , and therefore 
they also hold for O'g. 
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Claim 7.3. {0' s } is an open cover of M C M st . 

To prove claim [7T51 we must show that each stable holomorphic curve / is in 0' s 
for some S. We already know that for some i£N, Pi{f) > 0.5. There are at most 
ni j's so that pj(f) > 0.1, therefore, there exists some set S containing i so that 



Hi ( min ( 0.4, minpj (/) J — max I 0.1, max/ty (/) ) ) > 0.3 



As by definition, 115 > ni when i £ S, f is in 0^. It remains to verify that / is in 
the interior of 0" s . If / was in the boundary of Og, then there would be some f so 
that pji was not defined at /, but / was in the closure of {pj/ > 0.1}. One of our 
conditions on py is that this is not possible for holomorphic curves /, therefore no 
holomorphic curve / is in the boundary of 0" s . Therefore / £ (D' s and Claim [731 is 
proven. 

We may now construct our Kuranishi charts. 

Note that restricted to AuI , Vaj is a simply generated complex subsheaf of y 
which is strongly transverse to Dd at all holomorphic curves. Theorem 16.61 then 
implies that each holomorphic curve / in 0' AuI , has an open neighborhood U on 
which the stack of curves with d in Vaj is locally represented by some f/G. For 
U small enough, (U, Vaj, f /G) is then a Kuranishi chart containing /. 

One of the transversality conditions from Lemma 17.11 is that at holomorphic 
curves /, Dd restricted to kerT/$ is strongly transverse to Vi, which implies that 
by choosing U small enough if necessary, we may assume that / is $-submersive in 
the sense of Definition 12.251 

Claim [6~TU1 implies that if U is chosen small enough f/G may be regarded as 
embedded in a core family for U. It follows that there exists a continous function 
p : U — > [0, 1] which is 1 at / and which has compact support on f/G. Lemma 
15.101 implies furthermore that p may be chosen so that any holomorphic curve in 
the closure of {p > 0} is contained in U. Restricting (U,Vaj, f /G) to {p > 0.5} 
gives a Kuranishi chart with an extension to {p > 0}. Condition [3] on 0' ALjI implies 
that all such charts are compatible, and condition [T] of 0' AuI implies that any such 
chart is compatible with any of our original (Uk, Vk, fk/Gk) on the extension where 
Pk > 0.4. 

Our properness assumption on M. — > Bo implies that A4 has an exhaustion by 
compact substacks, therefore we may choose a countable, locally finite collection 
of extendible Kuranishi charts of the above type which cover Ai. This collection 
of Kuranishi charts together with our original collection of Kuranishi charts is our 
required embedded Kuranishi structure 

□ 



Corollary 7.4. Any two embedded Kuranishi structures on .M(B) are homotopic 
in the sense that there exists an embedded Kuranishi structure on A4(B x R) which 
pulls back to the two given embedded Kuranishi structures via the inclusions of B 
over the points and 1 in M. 
If there is a submersion 

$ : M st (B) — > X 
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and the two original embedded Kuranishi structures are <fr-submersive, then the 
homotopy may be chosen to be $' submersive where $' is given by the composition 

M st (B x M) > X S *(B)^^ X 

Proof: 

Pull back the first embedded Kuranishi structure to a collection of Kuranishi 
charts over (—00, ^) and pull back the second embedded Kuranishi structure to a 
collection of Kuranishi charts over (|, 00). Together, these charts give a countable, 
locally finite, extendible collection of $'-submersive, compatible Kuranishi charts 
on M st (B x R). 

Theorem 17.21 implies that we may expand this collection of Kuranishi charts to 
a $'-submersive embedded Kurnanishi structure. 

□ 

7.1. The case of curves with domain T. 



Observe the following: 

• If any curve in a connected family of curves / has domain T, then all curves 
in / have domain T. 

• If any curve in a connected component of Ai st has domain T, then all 
curves in that connected component have domain T. 

• If a curve / has domain T, then / is holomorphic and y(f) is trivial. 

• As the smooth part of T is a single point, a curve / in B with domain 
T is always contained in a single coordinate chart, and any curve in a 
neighborhood of / within A4 st is also contained in the same coordinate 
chart. 

• Any coordinate chart on B containing a stable curve / with domain T may 
be written in the form U x T so that 

f(~z) = (u,ct a z n ) 

where u £ U and ct a £ C*t R are constant, and n is a positive integer. All 
nearby curves /' will be in the same form, with different constants, but the 
same integer n. 

Lemma 7.5. If n is a positive integer, and U is a connected exploded manifold, 
the moduli stack of curves f in U x T in the form 

f(z) = (u,ci a z n ) 

is represented by quotient of the family of curves 

U x T (ld ' Z " ) > U x T 

I 
U 

by its automorphism group, 1 n . 

Proof: Call this family of curves /q. The automorphism group of /o is Z„, which 
acts trivially on U = F(/o), and acts by multiplying the T fibers of C(/o) by nth 
roots of unity. 

Given any family / of curves of the required type in U x T, define C(f') to be 
the n-fold cover of C(/) given by the fiber product 

C(/') :=C(/) fXfUxT 
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and define F(/') to be the fiber product of / with the inclusion of U into U x T 
which is the identity on U and maps to the constant It on the T coordinate. 

F'(/) :=C(f) fX (id ,uP)U 

The map U x T — > U induces a map C(/') — > F(f') which makes C(/') — > 
F(f') the family of T's pulled back from the diagram 

C(/') — ► C(/ ) 
F(f') — > F(/ ) 

Pulling back / via the map C(/') — > C(/ ) gives a family of curves /' with maps 

/' > fo 

f 

There are two actions of Z„ on /', induced by multiplying hbers of C(/) or 
C(/o) by nth roots of unity. The map /' — > fo is invariant under the first action 
and equivariant under the second action, whereas the map /' — > f is equivariant 
under the first action and invariant under the second action. This second action 
makes /' — > f a Z„-fold cover. 

Now suppose that /" is some other Z„-fold cover of / with a Z„-equivariant map 
/" — > fo- The construction of C(/') as a fiber product gives a natural map 

/" -»• /' 

which must commute with the maps to / and fo, and be 1 n equivariant because 
the action of Z„ on C(/o) is free. It follows that /" — > f is an equivariant 
isomorphism, so /' is the unique ^ n -fold cover of f with, a r Ej n ecjuivariant map 

Therefore our moduli stack of curves is represented by /o/Z„ as required. 

□ 

8. Relative complex structure and orientation of Kuranishi charts 

Suppose that (U, V, f/G) is a Kuranishi chart. Recall that in the situation of a 
family of targets, B — > B , the map 

F(/) — ► Bo 

is a submersion. In this section, we construct a canonical homotopy class of G- 
invariant complex structure on T/F(/)4b f° r an holomorphic curves / in /. On a 
neighborhood of the holomorphic curves in /, this defines a canonical orientation 
of F(/) relative to B . 

Recall that if / is holomorphic, TfAi st J,b is complex, so it makes sense to 
talk of the complex linear part Dd of the linear map Dd : TfA4 st J,b — ► 3 /l (/)- 
Suppose that (Ui, Vi, fi/Gi) is a Kuranishi chart containing the holomorphic curve 
/. Define 

K ilt (f) = ((! - + tDd^ 1 (Vi(f)) C T f M st i Bo 
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Theorem 13.81 and the condition that d is strongly transverse to Vi at / implies that 
Ki,t(f) for t £ [0, 1] is a smooth family of vector subspaces of TfA4 3t . Theorem l6.6l 
implies that K iy0 (f) is equal to T/F(/)4-b - 

As K iy i(f) is the inverse image of the complex vector space Vi{f) under a com- 
plex map, it is a complex subspace of TfM st lB - Therefore, there is a canonical 
homotopy class of complex structure on K i:0 (f) consisting of complex structures 
nomotopic to the complex structure on K^i(f). Of course, this gives a canonical 
orientation of Ki y o(f), which in turn gives a canonical orientation of fa relative to 
B at /. 

In this section, we shall show that Ki it may be regarded as a family of G,- 
invariant, C°°'- sub-vectorbundles of Ts.M. st 4-b restricted to {dfi — 0}, with a 
canonical, G^-invariant, C°°'- complex structure on Ki t- In Proposition 18.101 we 
shall show that Ki tt may be identified for all t in a way which is G; invariant, com- 
patible with all inclusions C Kj t, constant on R-nil vectors, and compatible 
with any chosen submersion $ : A4 st — > X. This allows a kind of global con- 
struction of a canonical homotopy class of complex structure on T^F(/,-)4-b at all 
holomorphic curves /. 

The R-nil vectors in Tf A4 st Ib (which are the vectors which act trivially as 
derivations on C 00 '- functions), form a complex linear subspace of TfA4 st ls which 
is in the kernel of Dd and therefore always contained in Ki <t (f). 

Lemma 8.1. Suppose that f is a holomorphic curve contained in f and TVF(/) — > 
TfA4 st is injective. Then the R-niZ vectors from TjF(/)4-b form a complex linear 
subspace ofTfM. st \,& which is contained in the kernel of Dd : I/A4 st 4.B — ► 

Proof: 

Without losing generality, we may restrict to the case that [F(/)] is a single 
point. As in this case each curve in / is holomorphic, it follows that T/F(/)J,b 
is in the kernel of Dd. As we are dealing with tangent spaces relative to Bo in 
this lemma, it suffices to consider the case when Bo is a point, so we may talk of 
TM st (B) instead of TM st (B)i Bo . 

There exists a unique complex structure j on C(/) which extends the given 
fiberwise almost complex structure. In particular, the exploded functions on C(/) 
which arc holomorphic with respect to the fiberwise almost complex structure in 
local coordinates are always equal to some monomial times a holomorphic C* valued 
function on the smooth part of the coordinate chart. These exploded functions 
define a sheaf of holomorphic exploded functions on C(/) and give the canonical 
complex structure j on C(/). As the smooth part of F(/) is a single point, there 
is a unique complex structure on F(/). 

The map C(/) — > F(/) is holomorphic. In fact, any C 00 '- map from C(/) 
which is holomorphic with respect to the fiberwise almost complex structure must 
also be holomorphic with respect to this canonical complex structure j because any 
£700,1 ma p mus t De holomorphic restricted to R-nil vectors, and the tangent space 
of C(/) is spanned by the vertical tangent space and R-nil vectors. In particular, 
the map / is j-holomorphic. 

We have established that / is a holomorphic family of curves. We shall now 
check that the map TfF(f) — > TfA4 st is complex linear. Let v be the lift of any 
vector field on F(/) to vector field on C(/). As j is integrable, calculation in C™ 
gives that 

j o L„j = Lj„j 

Therefore, 

j o L v j = L iv j 
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As / is holomorphic, Jdf(v) = df(jv). In particular, the map v i-> (L v j,df(v)) is 
complex, so the map T/F(/) — >• TfM st is complex linear. 

□ 

The canonical homotopy class of complex structure on TyF(/)J,B gives a canon- 
ical homotopy class of complex structure on TF(/)4b m a neighborhood of /. To 
verify that this agrees with the canonical homotopy class of complex structure given 
by other holomorphic curves in this neighborhood, we shall extend the definition 
of Ki t to all curves in a neighborhood of / in /. As a first step, we shall modify 
Vi off fi to make later application of Theorem 13.81 easier. 

Lemma 8.2. After restricting fi to a neighborhood of f if necessary, there exists 
a core family {f/G, {si}) with 

• an identification of G with Gi and a G-equivariant embedding 

/< — ►/ 

so that for t G [0, 1] there is no nonzero section of f*T vert T5 in ((1 — t)Dd + 
tDd c )~ 1 Vi(f) which also vanishes on the image of all the sections {si}, 

• and a locally free, G-invariant subsheaf V of T^- ' 1 ' (T* ert C(f) (g> T ver t&) 
with the same dimension as Vi, and which pulls back to fi (in the sense of 
Definition \2.19\) to give Vi(fi). 

Proof: 

After restricting fi to a neighborhood of any holomorphic curve / in fi, Claim 
16. 101 from the proof of Theorem lG. 61 provides an equivariant, fiberwise holomorphic 
embedding 

C(/i) > C(/ Q ) 

F(/i) > F(/ ) 

where, as specified by Lemma 16.41 part [31 (fo/G, {sj}) is a core family containing 
/ with enough sections {sj} that ((1 — t)Dd + tDd c )~ 1 V(f) contains no nonzero 
sections of /*T„ ert B which vanish on the image of all {fii}. The above map removes 
the G-fold ambiguity of the core family map C(/<) — > C(/o)/G, so fi is equal to 
the above map composed with /o followed by exponentiation of some section of 
/gT^ertB which vanishes on the image of the sections {si}. We may choose this 
section to be G-equivariant, and define / to be fo followed by exponentiation of 
this section. Now the above map corresponds to a G-equivariant embedding 

fi — > / 

and (f/G, {sj}) is a core family satisfying the requirements of this lemma. In 
particular, as fi — > f is an embedding, we may choose a locally free subsheaf 
V of r(°' 1 )(T„* ert C(/) T vert B) which pulls back in the sense of Definition 
to give Vi(fi), and which has the same rank as Vi, when considered as a sheaf of 
G°°'i(F(/)) modules. We may choose V to be G-invariant. 

□ 

The pullback of V defines some subsheaf V of y on a neighborhood of /j. For 
any family of curves h in this neighborhood, the subset of curves h in h for which 
the dimension of V(h) is equal to the rank of V is open, and contains all such 
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curves h isomorphic to /. Lemma 12.81 then implies that on a neighborhood of /, V 
is simply generated in the sense of Definition 12.201 

As V{f) — Vi(f), 8 is strongly transverse to V(f), so we may apply Theorem 
16.61 to see that in a neighborhood of / the moduli stack of curves with d in V 
is represented the quotient of a family of curves by a group of automorphisms. 
Theorem 16.61 also implies that this family of curves has the same dimension as fi , 
therefore it follows that this moduli stack of curves with d in V is the same as the 
moduli stack of curves with d in Vt, which is represented by fi/G (restricted to a 
neighborhood of / if necessary). 

We shall now continue to define an extension of Ki tt {f) using V instead of Vi. 

To linearize d at a non-holomorphic curve, we need a connection on y. Instead, 
we shall linearize iryd, where 7Ty is the projection 

ny-.y^ y/v 

For any curve / so that df G V(/), we may define the linear map 
Dn v d : TfM st — > y(f)/V(f) 

as follows: In light of Lemma f2. 131 we need only construct Dirvd on TfF(f) for an 
arbitrary C°°'- family / containing /. So long as this construction commutes with 
maps of families and gives a linear map, Lemma 12.131 implies that it shall define a 
linear map from TfA4 st . Choose a section v of V{f) equal to df at / in /. Then 
dft — v is a section of y{f) which vanishes at /, therefore its derivative at / is a 
linear map 

T f F(.f) — > y(f) 

Any other choice of v would change the above map by an linear map to V(f). This 
derivative therefore gives a well defined linear map 

Dnyd : T f F(f) — ► y(f)/V(f) 

As the above construction is compatible with maps of families, Lemma 12 . 131 implies 
that this construction gives a well defined linear map TfM st — > y{f)/V{f). 

Lemma 8.3. On a neighborhood U of all holomorphic curves in fi, there exists a 
map (of sheaves C°°'-(F(/j)) modules over F{fi)) 

Dirvd : T h M st — > y(/i)/V(/<) 

which restricts to each curve f in U to be Dirvd : Tf>A4 st — > y{f')/V{f). 

Proof: 

If such a map exists it is uniquely determined by its restriction to TfA4 st for 
each /' in U. We therefore need only construct such a map in a neighborhood of a 
holomorphic curve / in 

To globalize the definition of Dnyd, note that there exists a neighborhood of / 
in M. st with a global section 9 of the sheaf V so that 0(fi) = dfi. In particular, as 
fi embedds into /, the section d of fi is the pullback of some section 8' of V' over 
F(/). As d is G- invariant and the inclusion fi — > f is G-equivariant, averaging 
allows us to construct 9' to be G-invariant. The pullback of 9' to a neighborhood 
of / defines a section 9 of V C y. 

Given a section v of Tj Ai st , Lemma f2 . 1 71 implies that there is a one dimensional 

deformation f t of fi so that the derivative of ft at t = is v. The derivative of 
dft — 6 {ft) at t = is a section of y{fi), which when restricted to any curve /' in 
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fi and followed by projection to y(f')/V(f) is equal to Dnyd of v restricted to /'. 
We have just proven that given any C°°'- section v of Tj M st , there exists a C 00 '- 

section Ddiryv of y(fi) which restricts to each y(f') to be equal to D-Kvd{v{f')). 
As this characterization uniquely determines Dirydv It follows that 

Dirvd : T h M st — > y(/i)/V(/<) 
is a well defined map of sheaves of C°°'- modules over F(/j). 

□ 

y{fi)/V(fi) has a canonical complex structure because on f i: V coincides with 
Vi, which is complex. In order to talk of the complex linear part (DttvB) c of 
Dirvd restricted to T^Ai st Ib , we shall need to choose a complex structure on 
TfM st lv . 

Claim 8.4. There exists a Gi-invariant complex structure J' on Ti ,.M s *4,b defined 
within a neighborhood U of f so that 

• the restriction of this complex structure J' to any holomorphic curve f in 
this neighborhood U is the canonical complex structure on Tp A4 st \|,b > 

• if X(fi) indicates the sheaf of C 00 '- sections of f*T vert 'B which vanish on 
the image of the sections {s 2 } from the core family (/ /G, {si}) from Lemma 
\8.2l the inclusion 

X{h) — ► T h M st i Bo 

is complex. 

Proof: 

Recall that the sheaf A4 st ],B is defined using the short exact sequence 

o -> r(T„ ert c(/,)) -> r°' 1 (T Mrt c(/ I )®i: ert c(/ l ))xr(/;r !jert B) r /; A4 st (B)|Bo^ o 

The sheaf r°' 1 (T„ertC(/ i )(g)r* ert C(/ i )) x T(f*T vert B) has a complex structure, but 
Tf. M st lB fails to have a canonical complex structure because the left hand map 
above is not in general complex. Below we shall construct a complex structure on 
Tj,M st |b by splitting the above exact sequence with an inclusion of Tf. M st lB 

as a complex subsheaf of r°- 1 (T TOI . t C(/ l ) ® T* ert C{fi)) x T(f*T vert B).^ 

Recall that we have fi embedded in a core family /, and that X(fi) indicates 
the sheaf of C°°'- sections of /*T„ ert B which vanish on the sections {si} of the core 
family (f/G, {sj}). There is a canonical injective map X(fi) — > T^M^Ibo which 
has cokcrncl which may be identified with the pullback of TF(/)4-b to F(/i). 

Note that X(fi) is acomplex subsheaf of r ' 1 (T TOrt C(/ l )®T; ert C(/ l ))xr(/*T 1 , ert B). 
At our holomorphic curve /, the inclusion X(f) — > TfM st lB is complex, and 
has finite dimensional cokernel. There exists a locally free, finite rank, complex, 
Gi-invariant subsheaf W of r°' 1 (T TOrt C(/ l ) <g> T* ert C(f t )) x r(/*T„ ert B) which re- 
stricted to / is a finite dimensional vector space which is complementary to the 
direct sum of the image of r(TC(/)) with X(f). 

Restricted to any other curve /', W is complementary to direct sum of the 
image of r(TC(/')) with X(f') if and only if its image in T//F(/)4,b is surjective. 
This holds for all /' in a neighborhood of / in /,-. On this neighborhood the 
map X(fi) © W — > M st J,b is an isomorphism, so we may use the complex 
structure from X(fi) ffi W to give a Gi-invariant complex structure on Tj ,M st iB 
in a neighborhood of /. For /' holomorphic, this complex structure on TpM st lB 
agrees with the canonically defined one. 

□ 
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Remark 8.5. In the proof of Claim above, we considered M. st \,-b as em- 
bedded inside T ' 1 (T vert C(fi) ® T* ert C(fi)) x T(f*T vert B). We may use this em- 
bedding to construct a metric on T^M. 4,b - Our embedding represents sections of 

Ti _M. st \.-B as sections of some vector bundle over C(/j). We may choose a C°°'- 
inner product < ■, ■ >q on this vector bundle, and a C°°'- fiberwise volume form 8 
on n : C(fi) — > to define an inner product < -, ■ > on Tt Ai st \.s Q o.s 

< v, w >:= it\ < v,w >q 

so < v,w > is a C°°'- function on F(/j) with value at a point p given by integration 
of < v, w >o over the fiber of C(/j) over p. (The fact that < v,w > is C 00 '- 
follows from the construction of m in [12] . ) 

With our chosen complex structure on Tj.M. st l-B , we mav define the complex 
linear part, (D7ry<9) c of Dnyd. Define 

A t := (1 - t)Dirvd + t{Di: v df : T f M st i Ba ^ ^(/i)/F(/ i ) 

Lemma 8.6. On a neighborhood of f in fc, 

kevA t C T f M st lB„ 

is a one dimensional family of finite dimensional sub vector bundles ofT^ A^ s '4b 
(in other words kerA t is a one dimensional family of subsheaves ofTj M st which 
are free and finite rank sheaves of C°°'-(F(/i)) modules.) 

Proof: 

We shall be using the notation from the proof of Lemma 15731 Within the proof of 
Lemma [5731 we constructed Diryd as the linearization of d— 8 followed by projection 
to y/V. The section 8 of V is the pullback of a section 6' of V over F(/). As ft 
is embedded as a sub family of /, may restrict 8' to F(/i) (and again call it 8'). 

Let X(fi) denote the sheaf of C°°'- sections of f*T vert B which vanish on the 
pullback of the sections {si} from the core family /. After choosing a G-invariant 
trivialization for fa in the sense of Definition 13.11 we may use 9' to get a simple 
perturbation of d : X(fi) — > y(fi) which may be thought of as 

3' :=B- 9' 

but is more accurately described in Example 13.51 We may now apply Theorem 13. 81 
to the linearization of 8'. At the curve /, the linearization of d is equal to the 
linearization of & up to a map to V(f). As specified by Lemma T8. 2 1 ((1 — t)Dd + 
tDd c )~ 1 (V(f)) does not contain any nonzero elements of X(f). It follows that 

((l-t)Dd' + tDd' c ):X(f)^y(f) 

is injective for all t G [0,1]. Remark 3.4 of [TJ] implies that Theorem 13.81 applies 
to the above homotopy. Theorem 13.81 part [3] then implies that for all curves /' in 
some neighborhood of / in fi, 

((1 - t)Dd' + tDd' c ) : X(f') — > y(f') 

is injective. Theorem 13.81 part 141 implies that on the neighborhood where the above 
maps are injective, the cokernel, 

Et(fi) := y(/i)/((l ~ t)Dd' + tDd' c )(X(.h)) 

is a finite dimensional C 00 '- vector bundle. 

At /, the natural map V(f) — > E t (f) is injective, therefore on some neigh- 
borhood of /, the natural map of vector bundles V(fi) — > E t (fi) is injective, so 
the quotient of E t (fi) by the image of V(/j) is a finite dimensional, C°°'- vector 
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bundle, E' t (fi). As X(fi) is a complex subsheaf of Tj M st with the complex struc- 
ture chosen in Claim 15^1 the restriction of A t to X(fi) is equal to the following 
composition 



and the cokernel of A t restricted to X(fi) is equal to E' t , so the following is a short 
exact sequence 

— ► X(fi) ^ y(fi)/V(fi) — ► E' t {h) — > o 

As A t is defined on all of Ty A^ st 4-B , it induces a G°°'i map of finite dimensional 
vector bundles 

A\ : (TfM^A/Xifi) — > ^(/O 

The assumption that 9 is strongly transverse to at / implies that A' t is surjective 
at /, and is therefore surjective on a neighborhood of /. On this neighborhood, 
ker A' t is a finite dimensional sub-vectorbundle of {T^M. 8t \ r -B )/X(fi). 

Any C°°'- section of the kernel of A' t lifts to a G°°'- section v of T* -M s *|b so 
that At(v) is in At(X(/)). As A t is injective restricted to X(f), it follows that there 
is a unique G 00 '^ section x of so that v — x is in the kernel of A t . In other 

words, any C 00 '- section of the kernel of A' t lifts uniquely to a C 00 '- section of the 
kernel of A t . It follows that ker^4 t is a finite dimensional C°°'- sub vectorbundlc 
ofT f _M st i Bo . 

□ 

Observe that for any holomorphic curve /' in /,-, the complex structure on 
T//A^ s '4,b chosen in Claim [531 agrees with the canonically defined complex struc- 
ture, so the restriction of ker^4 t to /' is equal to Ki tt (f'). The kernel of A t is 
therefore our required extension of Ki jt to a family of vector bundles defined on all 
of /j. Note also that as A\ is complex, ker A\ has a complex structure which agrees 
with the complex structure on Ki t i(f). 

As our choice of complex structure on Ts .A4 st i-B was G^-invariant, and Diryd 
is intrinsically defined, ker A t is a G^-invariant family of sub vectorbundles of 
Tf Ai st -Ib . We therefore have a canonical class of G^-invariant complex struc- 
tures on keiAg, which restricts at any holomorphic curve /' to the canonical class 
of complex structures on Ki^(f') which is invariant under the stabilizer of [/']. 

Lemma 8.7. In a neighborhood of the holomorphic curves in fi, ker^o is equal to 
TF(/<)W 

Proof: At holomorphic curves /', Theorem 16 . 61 implies that Ki^(f') and ker -Ao(/') 
are both equal to T//F(/j)4.B - 

More generally, the fact that dfi is a section of V(fi) implies that the map 
TF(/i)4_Bo — > Tj M st 4-Bo nas image inside kerA = kerDiryd. As noted above, 
this G°°'i map of finite dimensional vector bundles TF(/j) la — > ker Ao is an 
isomorphism restricted to holomorphic curves /'. Therefore, it is an isomorphism 
in a neighborhood of these holomorphic curves. 

□ 

We have now locally constructed an extension of Ki jt to a family of G^-equivariant 
vector sub bundles ker^4 t C Ti M. st \.& Q . More generally, say K' it is an extension 
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of Ki t if it is a family of Gi-equi variant vector sub bundles of Ty A4 s '4,b so that 
for any holomorphic curve / in the domain of definition, K{ t (f) — Ki, t (f). 

We may think of Ki >t as a family of G^-equivariant vector bundles over {dfi = 0}. 
In particular, we may define a C 00 '- section of Kit to be a section which extends 
to a C 00 '- section of Tj? -M st 4-B - The following lemma implies that any such C°°'- 
section of K^t extends to a C°°'- section of any extension K[ t of Ki :t . 

Lemma 8.8. Any section of Ki tt which extends to a C°°'- section of T ^ AA st \.-b 
also extends to a C°°'- section of any extension K' it of K^t- 

Proof: We may prove this using the metric on M. st \.^ constructed in Remark 
18.51 Given any C 00 '- section of TsM. st 4-b > i* s orthogonal projection to K' i t is 
a C°°'- section of K' it . In particular, any C°°>- extension of a section of Kit to 
Tj A4 st lB projects to a C°°'- extension contained within K[ t . 

□ 

Lemma 18.81 implies that the C°°'- vector bundle structure on Kit induced by 
including K^t inside K- 1 does not depend on which extension K[ t of Ki^ is chosen. 

Definition 8.9. A t-trivialization of K^t is a choice of Gi-equivariant identification 
of Ki t with Kifi for all t which extends to a C 00 '- family of isomorphisms K[ t — > 
K' i0 and which is the identity on the subspace ofM.-nil vectors within K^f 

Given a submersion $ : A4 st — > X, say that a t-trivialization is &-submersive 
if the following diagram commutes 

K i>t (J) TX 



Ki, {f) 

A compatible choice of t-trivializations for an embedded Kuranishi structure, 
{(Ui,Vi, fi/Gi)} , is a choice of t-trivialization for Kij on (llf ,Vi, ff /Gj) for all i 
so that whenever there is an inclusion Kit{f) — > Kj tt {f), the following diagram 
commutes 



KM 



-> K jAf) 




Vj/Vi 



Note that Lemma 18.81 implies that the definition of a t-trivialization does not 
depend on which extension K- 1 of K^t is chosen. 

We shall be interested in $-submersive t-trivializations in the case that <& is 
holomorphic in the sense of Definition 12.241 on page [TO] The following proposition 
constructs compatible $-submersive t-trivializations. Most constructions of com- 
patible objects on Kuranishi structures use transfinite induction in very similar 
arguments to the following one. 

Proposition 8.10. Given a holomorphic submersion $ : A4 st — > X, and a choice 
of Q-submersive embedded Kuranishi structure {{lAi, V%, fi/Gi)} on M. C Ai st , there 
exists a compatible choice of <&-submersive, t-trivializations of Ki t- 
Given any such choice defined on a neighborhood of a closed substack M! C M., 
our choice may be made to coincide with the original choice when restricted to a 
(possibly smaller) neighborhood of M 1 . 
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Proof: The construction of a i-trivialization shall proceed by transfinite induction. 
In particular, we shall choose a well ordering of our Kuranishi charts, then construct 
our i-trivialization in this order. At each step we shall need to shrink the domain 
of definition a little, so we shall also need to specify more than one extension of 
each Kuranishi chart. 

Claim 8.11. There is a well- ordering -< of the Kuranishi charts so that j -< i if 
dimVj < dimV^ and so that for any fixed i, j -< i for only a finite number of j 
with dim Vj = dim Vj . 

There are compatible extensions {Ui,k, Vj, /j,fc/Gj) and (Uij,, Vj, f%,kJGi) of(Ui,V u fi/Gi) 
for all k >z i so that 

• if k' -< k, fi^k' is an extension of fi.k and is contained in fi t k 

• fi,k is an extension of f^k 

• and the intersection of fi^k for all k ^ i contains an extension of fi^k- 

The existence of such an order on our Kuranishi charts is obvious, because there 
are only a countable number of charts. To construct Ui,k, note that by definition 
{Hi, Vi, fi/Gi) is extendible, so there exists an extension (Jjf, Vi, ff/Gi) and a C°°'- 
map p : li\ — > (0, 1] satisfying the requirements of Definition 12.271 so that Ui is 
the substack where p > 1/2. We may embed our well ordered set of indices into 
(0, 3/8) as follows: 

x k :=3/8-2- dimy *- 2 (l + l/K + 2)) 6 (0,3/8) 

where nk is the number of indices j ^ k with dim Vj = dim Vk- The only important 
property of Xk is that 

Xk > supccj 

We may then define 

Ui,k ■= {p > Xk} C U\ 

and 

Ui,k ■= {p > sup 2^} c U\ 

3-<k 

These open substacks Ui t k satisfy all the requirements of Claim I5TTTI above. 

Compatibility between Kjj and Ki t for j -< i will only be required on the 
intersection of Uj t i with U^i- Similarly, choose some open neighborhood O of M' C 
Ai so that the closure of O is contained in the neighborhood of M! on which a 
t-trivialization is already chosen. Our new i-trivialization shall only be required to 
agree with the already chosen t-trivialization on O. 

Let / be a holomorphic curve in fij. Suppose that we have a compatible choice of 
i-trivialization for all Kj t on fj : k for j <k We shall construct a £-trivialization 
of Ki t in a neighborhood of / in three different cases below: 

(1) If / is contained in M! , then there is already a chosen i-trivialization of 
Ki t which we shall assume compatible with our trivializations of Kjj for 
j -< i by construction. 

(2) If / is contained in L{j t i for some j < i but not in M.', proceed as follows: 
Without losing generality, we may assume that Vj has the largest dimension 
so that / is in lijj. We shall construct a i-trivialization of Ki t on some open 
subset of fi t i C\Uj,i where we already have a trivialization of Kjj C Ki tt . 

On a neighborhood of /, construct an extension K[ t of Ki^ using the 
complex structure on Tj A4 st 4_b from Claim f8T4l to construct a homo- 
topy of DiTVid to its complex linear part, and letting K' it be the kernel. 
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Because this complex structure is G^-invariant, and there is a unique map 
fj t i — > fi,i/Gi (defined in a neighborhood of /), we may pull this complex 
structure back to a complex structure on Tf ,M st lB - Using this pulled 
back complex structure, we may construct an extension K'j t of Kj, t on a 
neighborhood of / in fjj with the property that K'j t (f) C K' it (f). In 
particular, construct K'j t as the kernel of the operator 

A t := (1 - t)D7r V] d + t(D7T V] df : T). .A^ B(J ^ y(fj,i)/Vj 

K' i t is defined using the analogous operator with Vi in place of Vj. As 
Vj C Vi, and the same complex structure is used to define both K' it (f) 
and K' jtt (f), A t sends K^f) to Vi/Vj. 

As our embedded Kuranishi structure is $-submersive, A t restricted to 
the kernel of 7/$ is surjective, T/<fr : Kj t (f) — > T^^X^Xo is surjective, 
and the same holds for all /' in some neighborhood of /. It follows that 

Klt{n/K' h tW) ^ Vt/Vi 

and 

(kerT,,* n K' itt {f')) / (kerl>$ Pi K^(f')) ^ Vi/Vj 

are both isomorphisms for /' in a neighborhood of /. 

Use the notation (K'j t ) (f) to denote the orthogonal complement of 
kerT/$ n K' j t (f) within kerT/$ n K' i t (f). (Use the equivariant metric 
from RemarkESl) We may split K[ t (f) into K'j t (f) © {K^ t ) x {f). There 
is a -equivariant sub vector bundle (K'j^) 1 - of iy . -M s *|b which restricts 

to /' to be (Kjj.) ± (f). On a neighborhood of / in fj t i, A t defines an 
isomorphism of vector bundles 

At : (K'^) 1 - — > Vi/Vj 

Our t-trivialization of Kjj extends by definition to a t-trivialization of 
K'j t , which we may take to be Gj -equivariant. There is a canonical Gj- 
equivariant t-trivialization of (K'j t )' L so that the diagram 




commutes. The corresponding G^ -equivariant t-trivialization of K'j t © 
(Kj t ) corresponds to a locally defined, Gi-equivariant t-trivialization of 
the restriction of K[ t to Bf^i 6 Vj with the property that the following 
diagram commutes 

W) — > K un Vi/Vj 

K'j fi (f) > Ko(f') 

As dfi t i is transverse to Vj, we may extend the above t-trivialization to a 
t-trivialization of K[ t in a neighborhood of /. The diagram above com- 
mutes for all holomorphic curves /'. As all R-nil vectors in T//.M s *4-b are 
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contained in Kjjif) and the i-trivialization of Kjj is constant on R-nil 
vectors, the resulting t-trivialization of K^t is constant on all R-nil vectors. 
As (Kj t ) (/') is contained in the kernel of T//$, the diagram 



Ki,t{f) 



T i(/') X 



commutes for holomorphic curves /'. 

So far we have constructed a $-submersive i-trivialization of Ki t on 
a neighborhood of / which is compatible with the t-trivialization of K^ t . 
Given any j' -< i so that dimV}/ < dim Vj, the diagram 



-> *i,t(/') 



t)D-K V .,d + t(DTT V _,i 



-> «i,o(/') 




commutes whenever Kj/ t t(f) and Kjj(f') are both defined. It follows that 
our locally constructed i-trivialization of JC^t is automatically compatible 
with the t-trivialization of Kji yt (f')- Note that on the other hand, we 
have no reason to expect that our constructed i-trivialization is compatible 
with a i-trivialization of Ky_ t if dimVj< > dimVj, and we also have no 
reason to expect compatibility with the already defined i-trivialization on 
a neighborhood of M! . 
(3) If / is not contained in M! or Uj^i for some j < i, then proceed as follows: 
On a neighborhood of /, choose an extension K' it of Ki t. Choose a Gj- 
equivariant metric on Tj» .A4 st -l-B Q as in Remark 18.51 

For all /' in a neighborhood of / in / M , 7>$ : K' l t (f) — > T $( j X| Xo 
is surjective. We may therefore locally choose a G^-equi variant splitting of 

Kt int0 

K' i!t = (keiT$nK' i!t )®W 
and a G^-equivariant splitting of TV ,A4 st ],-B into 

Tf. .M st i Bo = (kerT$ n T). M^ina) © W 

Denote by 

the projection which in the above splittings is the orthogonal projection of 
kerT$niy. M st i Bo to kerT$ n K' i t and the identity on W. As our split- 
tings and our metric are Gi-equivariant, 7r is a G^-equi variant projection. 

To construct a i-trivialization of K[ t , we shall define a connection in 
the i-direction of Ki^- A section at of K' it for all t may be viewed as a 
family of sections of TV A / f s *4.B - The derivative is again a section of 

Note that Vt/at = + /Vt<7, so Vt may be regarded as defining a G,- 
invariant connection in the t-direction on t . Therefore parallel transport 
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in the t direction gives Gj-equivariant i-trivialization maps K' i0 — > K' it . 
For holomorphic curves /', K ijt (f) contains all R-nil vectors, so our t- 
trivialization is the identity on these R-nil vectors, as required. Notice too 
that if o t is a section for which T$(cr t ) is independent of i, then T$(V t cr) 
is the zero section. It follows that our i-trivialization commutes with T$, 
so the diagram 

commutes. 

The above three methods give us a locally defined, $-submersive i-trivialization 
of Ki.t around every holomorphic curve in K itt . As these i-trivializations have no 
reason to match up, we shall need to average them using a G^-invariant partition 
of unity. In particular, given any finite collection of i-trivializations of K, )t defined 
in a neighborhood of /, we may extend them all to locally defined i-trivializations 
of some extension K' it of Kij. These i-trivializations may then be thought of as 
connections on K[ t in the i-direction, which may be averaged using a partition of 
unity to create another i-trivialization of K[ t . Note the following 

• The resulting averaged ^-trivialization of K^t does not depend on the choice 
of extension K- 1 used. 

• As averaging G^-invariant connections using a Gi-invariant partition of 
unity gives a G^-invariant connection, the resulting i-trivialization of K^t 
is Gi-invariant. 

• A i-trivialization is $-submersive if and only if for each holomorphic curve 
/, the corresponding connection Vt satisfies the following property: if at 
is a section of Ki, t (f) so that Tf$(a t ) is constant, then T$(V t cr t ) = 0. 
This property is preserved when we average connections satisfying it, so 
the resulting t-trivialization of Ki >t is also $-submersive. 

• Averaging connections which are the same on a subspace produces a con- 
nection which is the same as the original connections on the given subspace. 
It follows that our averaged i-trivialization is constant on M-nil vectors. 

• If all the original i-trivializations were compatible with a given t trivi- 
alization of Kj t C Ki tt , then the averaged t-trivialization is also com- 
patible with the given t trivialization. This follows because compatibility 
with the inclusion Kj, t C K^t specifies what our connections must be re- 
stricted the subspace Kj it (f) C K^ t (f), and the property of the isomor- 
phism Ki, t (f)/Kj t t{f) — > Vi/Vj being constant in our t-trivialization is 
also preserved by averaging. 

Each holomorphic curve in the closure oillj^ is in Uj,i- As embedded Kuranishi 
structures are by definition locally finite, each holomorphic curve / in /^j has an 
open neighborhood in which intersects Uj y i for j -<, i only if / G Uj.%- Similarly, 
recall that we have chosen an open neighborhood O of M! C M which has closure 
contained in the open neighborhood on which our trivialization is already defined. 
Our open neighborhood of / may be chosen small enough that if / is not contained 
in the open neighborhood for which a t-trivialization is already defined, then our 
open neighborhood does not intersect O. We may also choose this neighborhood of / 
small enough so that the relevant method above for constructing a t-trivialization 
applies, and choose such a t-trivialization. Choose a Gi-equivariant partition of 
unity subordinate to the corresponding open cover of the holomorphic curves in 
fi t i, and average our t-trivializations using this partition of unity. 
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As noted in the bullet points above, the corresponding t-trivialization is G,- 
equivariant, <£>-submersive, agrees with the previously chosen trivialization on O, 
and for all j : ^ i is compatible with the i-trivialization of Kj t t on Ujj. 

□ 
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